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Siegel measures 

By William A. Veech* 
0. Introduction 

The goals of this paper are first to describe and then to apply an ergodic- 
theoretic generalization of the Siegel integral formula from the geometry of 
numbers. The general formula will be seen to serve both as a guide and as 
a tool for questions concerning the distribution, in senses to be made precise, 
of the set of closed leaves of measured foliations subordinate to meromorphic 
quadratic differentials on closed Riemann surfaces. 

In preparation of a discussion of the main results we recall two earlier 
theorems. The first of these, by H. Masur, has been a starting point for the 
present work. Let q be a meromorphic quadratic differential with at worst 
simple poles on a closed Riemann surface X. For a certain countable set of 
9 £ R the horizontal foliation associated to e~ 2lS q has one or more maximal 
cylinders of closed leaves. Each cylinder determines a pair of vectors v = ±re id , 
where r is the common |q|-length of closed leaves in the cylinder. Let n(q) be 
the set of vectors, with multiplicities, which arise from closed cylinders as 6 
varies. Finally, let N(q, R) = Cardjw € n(g) | \v\ < R} be the growth function 

ofn(g). 

Theorem 0.1 (H. Masur [13], [14]). Let (X,q) and N(q, R) be as above. 
There exist < c\ < ci < oo such that 

(0.2) Cl< ^|_^< C2 (jR » ). 

In certain instances one can say more with regard to (0.2). Let G = 
SL(2, R), and let U q be the atlas of natural parameters for q on X\g _1 {0, oo}. 
If g £ G, an atlas gU q is defined by postcomposition of lA q chart functions with 
the R-linear transformation g. This atlas extends to X as a complex structure 
and determines a new quadratic differential with the same pattern of zeros 
and poles as q. Denote the new pair by (X(g), q(g)), and define A(g) C G by 
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A(q) = {g € G I (X, q) = (X(g), q(g))}, where = is biholomorphism identifying 
q and q{g). A(q) is a discrete subgroup which is not cocompact but which may 
be a lattice ([23]). Observe that U(q(g)) = gU(q), g e G. 

Theorem 0.3 ([23]). With notations as above if A(q) is a lattice, there 
exists c < oo such that for all g € G 



(0.4) 



Urn V = «r. 

R^oo R 2 



The results of the present paper represent a middle ground of sorts between 
the general Tchebychev theorem of Masur and the restricted prime geodesic 
theorem of Theorem 0.3. We consider ergodic actions of G = SL(2, R) on 
probability spaces (X, B, fx) such that the phase space X is a moduli space 
of quadratic differentials of norm 1. There is a natural map which assigns to 
i£l the set II(x) C C associated to (the quadratic differential) x as above. 
The action is such that Tl(gx) = gll(x), g € G. We shall prove 

Theorem 0.5. Let G and (X, B, fi) be as above. There exists a constant 
c(//) < oo such that the following three statements are true: 

I. Let -ip > be a Borel function on R 2 , and define tp(x) = V , ( v )- 



Then if; is B-measurable and 



(0.6) 



(0.7) 



ij)(x)fi(dx) = c(/x) / tp(u)du. 

II. Let N(x,R) be the growth function ofH(x). Then 

N(x,R) 



lim 



R 2 



c(h)tt 



0. 



III. Ifi(>€ C C (R 2 ), then 



(0.8) 



lim 

R^oo 



uen(i) 



= 0. 



Let (X, B, fi) be as in the theorem. One consequence of .^(^-convergence 
in Parts II— III is the existence of a fixed sequence R n — > oo such that the 
relations (0.7)— (0.8) hold pointwise a.e. when the limits are taken along the se- 
quence {R n }- In fact the relation TL(gy) = gll(y), g € G, and the G-invariance 
of fi will imply that for fi-a.e. y the relations (0.7)-(0.8) hold for all x = gy 
when the limits are taken along {Rn} (Theorem 10.8). In this regard we ob- 
serve that a countable set II C C may have asymptotic growth cR 2 without its 
images gll, g G G, having such asymptotic growth, much less with the same 
constant c. 
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Part I of Theorem 0.5 is reminiscent of and motivated by a classical theo- 
rem of Siegel ([20]). Let G N = SL(7V, R) and T N = SL(7V,Z). Equip G N /T N 
with its normalized Haar measure /j,n- If ^ > is a Borel function on R w , and 
if is (say) the N th standard basis vector, define ip and ip p (p for 'primitive') 
by 

t>ez^\{o} 

According to Siegel 
(0.9) 

(0.10) 



ip(gr N )[i N (dgr N ) = J ip(u)du 
J 4> p (gT N )fi N (dgr N ) = J ip{u)d 



Gjv/rjv 



G N /T N RJV 

To place the Siegel theorem in the context of the present work define A4 n 
to be the set of Borel measures v on H N such that M{v) < oo, where, setting 
N v (R) = v(B(0,R)), 

N V (R) 



(0.11) 



M[y) = sup ■ 

R>0 -K 



Gn acts naturally by homeomorphisms on when Mn is endowed with 
the C C (R N ) weak-* topology. A Borel probability measure on Mn shall 
be called a Siegel measure if [i is invariant and ergodic for the G/v-action. If 
ip > is a Borel function, define ip on Mn by duality 



ip{u)v(du). 



The main theorem for Siegel measures is 

Theorem 0.12. If fi is a Siegel measure, there exists a constant c(fi) < oo 
such that 

I- If ip > is a Borel function, then 



(0.13) 



J ^(u)fi(du) = c(fi) J ip(u)du. 



Mn 



II. // cx/v is the area of the unit sphere in H N , then 



(0.14) 



lim 

R^oo 



N U (R) a N 



= 0. 
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III. // li is supported on M e N = {v G Mn \ v(—U) = v(U), U Borel}, 
then for all if) G C C (R N ) 



(0.15) lim 



R Y R iV 



= 0. 

1 



If N > 2, and if ii is such that ip G L 2 (li) for all tp G C C (R N ), then convergence 
in (0.14)-(0.15) also holds pointwise a.e. li. 

Let 6 7v be the N th standard basis vector in R w , and define maps ir\ and 7T2 
from Gn/Tn to M.n, assigning ^(glV) = counting measure on gZ N \{0} and 
^2(9^ n) = counting measure on gTjyeiy- Let [i 3 = ttj^n), where as before lin 
is normalized Haar measure on Gn/^n- The Siegel relations (0.9)-(0.10) are 
tantamount to the statement that fi 1 and li 2 are Siegel measures with c^ 1 ) = 1 
and c{n 2 ) = l/Q{N). 

To obtain Theorem 0.5 as a consequence of Theorem 0.12 it is only neces- 
sary to observe that by Masur's Theorem 0.1 the assignment to x G X of the 
counting measure v x on H(x) satisfies v x G M.2- The fact that H(gx) = gH(x), 
x G X, g G G2 implies that v gx = gv x and the image G of the mea- 

sure n is invariant and ergodic, i.e., a Siegel measure. The fact n(x) = — H(x), 
by construction, implies v x G M%- Therefore, Parts I— III of Theorem 0.12 
imply the corresponding parts of Theorem 0.5. A more complete discussion 
will be found in Sections 11-12. 

As is illustrated by the Siegel theorem itself, a single ergodic action may 
give rise to more than one Siegel measure. This is especially true in the context 
of Theorem 0.5. With notations as in Theorem 0.5 define for each ifl and 
< s < 1 a set II(s, x) C n(x) consisting of those vectors, with multiplicities, 
which arise from periodic cylinders of area > s. (11(0, x) = n(x).) One finds 
H(s,gx) = gll(s,x), g G G, and by analogy with the preceding paragraph the 
map x — ► u X;S = counting measure on LT(s, x) determines a Siegel measure 
fi s and a constant c(fi s ) < c(//o) for which the conclusions of Theorem 0.5 
remain true, i.e., with n(s,x) and c(/i s ) in place of n(x) and c(/jl) respectively. 
The function s — > c(/x s ) is continuous from the right on [0,1), but when fi is 
supported on an orbit, the function has finite range. If (X, B, fx) is a component 
of a "stratum" of quadratic differentials equipped with its "Liouville measure" 
([12], [21], [26], [22]), then with one trivial exception in genus one the function 
s — > c(/x s ) is continuous, positive and monotone decreasing, to zero, on [0, 1) 
(Theorem 13.3). 

An important tool for the proof of Theorem 0.12 is Theorem 5.12, con- 
taining a basic identity which is derived in Sections 3-5. To describe this let 
K = SO(iV) and A + = {a = diag(ai, . . . , ci/v) | det a = 1, a± > ■ ■ ■ > ajv > 0}. 
If mxidk) is normalized Haar measure on K, and if B = B(0, 1) is the unit 
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ball in R^, then 
(0.16) 

J J XB(akx)mK(dk)is(dx) 
R N K 



2«tat_i 

\a.N J 



fM^ (1 _ T f-% +0 (( 

<?N Jo (^\ N \\a N -i 




The identity (0.16) is used in Section 6 to prove the existence and finiteness 
of the constant c(/x) in Part I of Theorem 0.12, i.e., for (0.13). Given a Siegel 
measure fx, the fact that the right side of (0.16) is bounded for each v G Mn 
is combined with a corollary to a mean ergodic theorem, Theorem 2.6, to 
establish that \ B G L 1 (fi). It is not difficult then to infer that V> G L 1 (fi) 
for each tp G C C (R N ). Now (0.13) with c(fi) < oo follows from uniqueness 
properties of Lebesgue measure. 

A second application of (0.16), in an altered form, occurs in the proof of 
Part II of Theorem (0.12). One uses Part I, i.e., (0.13), to obtain 



'W) <-s/')^ (o<t<oo). 



M N 



This relation is used in Remark 5.21 to replace, at certain stages of the proof 
of Theorem 5.12, a pointwise error M(y) by an L 1 (/i) error c(jx)^-. The result 

(2/3 \ 
( aN i ) c (' u )) ^ n (0-16) (Theorem 5.23). A 

version of the Wiener tauberian theorem is used then to establish (0.14) and 

Part II of Theorem 0.12 (Theorem 5.28). 

The proof of Part III of Theorem 0.12 makes use of Part II and a result 

below which serves as a "Weyl criterion" for establishing that a net of even, 

locally finite Borel measures on TL N converges to Lebesgue measure in the 

C C (R N ) topology. The Weyl criterion, Theorem 10.1, turns on the case V2 = 

Lebesgue measure of Theorem 9.4, here stated as 

Theorem 0.17. Let v\, u 2 G M e N be such that vi(E) = u 2 (E) for every 
ellipsoid E centered at 0. Then v\ = v 2 . 

Theorems 0.3 and 0.17 will have as one corollary the following. 

Theorem 0.18. Let (X,q) and c be as in Theorem 0.3. If ip G C C (R 2 ), 

then 
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Let q be such that T(q) is a lattice, and define a zeta function Cg( s ) = 
J2ven(q) M~ s > R< es > 2. It is established in [23] that ( q (2s) is an entire- 
holomorphic linear combination of the Eisenstein series associated to the cusps 
of r(g). From this one infers (a) Cg(') 1S entire meromorphic and (b) the 
constant c which appears in (0.4) and (0.19) is essentially the residue of Cj(2s) 
at the simple pole s = 1. Explicit calculation of c is possible in certain instances 
([23], [24], [28]). In Section 15 we apply Theorems 5.19 and 10.1 and the 
equidistribution theorem of Eskin-McMullen ([3]) to prove Theorem 0.3 (and 
its consequence Theorem 0.18) without recourse to the theory of Eisenstein 
series. The role of [3] is to verify a property which we call "regularity" and 
which is motivated by [3], [5] and [17]. Briefly stated for the context of (X, B, jj) 
in Theorem 0.5, a point x G X is /i-regular if rim ff _>oo g(rriK * 8 X ) = fx in a 
suitable topology. When x is regular, it develops that for all < s < 1 and 
g G G the set gIL(s,x) has asymptotic growth c(fi s )irR 2 (Theorem 15.10). The 
prevalence of regularity in homogeneous space settings gives some hope for its 
genericity in the context of Theorem 0.5. 

To further illustrate the "Eisenstein series free" approach to (0.4) and 
(0.19) we observe in Section 16, Theorem 16.1, that if T = —T is a nonuniform 
lattice in G = SL(2,R), and if v G R 2 is such that Tv is a discrete set, then 
Tv satisfies (0.4) and (0.19) for a finite constant c = c(T,v). Moreover, if 
A is the isotropy group of v in T, there is a number t = t(A, v) such that 
c(T,v) = 2t 2 (7r VolG/r) -1 . One feature of the derivation of the formula for 
c(r, v) is that it will not depend upon knowledge of meromorphic continuation 
of the Eisenstein series E(z,s), Imz > 0, Res > 1, which is associated to 
(r, A). We shall give a direct proof that for each z the function (s — l)E(z, s) 
has nontangential limit (VolG/r) _1 at s = 1 from the half plane Res > 1. 
Of course, this implies the known fact that the residue of E(z, ■) at s = 1 is 
(VolG/r)- 1 ([19], [7] (p. 224). The author thanks M. Wolf for providing the 
latter reference.) 

Section 14 is devoted to the issue of pointwise a.e. convergence in Parts II- 
III of Theorem 0.12. If N > 2, and if we assume of the Siegel measure [i 
that ip G £ 2 (/«) for all ip G C C (R N ), then estimates in [9], Chapter V, are 
used to prove (0.14)-(0.15) are true for /x-a.e. v. When N = 2, the same 
statement is true if one also assumes the representation of G = SL(2, R) on 
the orthocomplement of the constants does not almost have invariant vectors 
(cf. [9]). 

Let m = m{du) be Lebesgue measure on R N . If c > 0, define S c : M N -> 
M n by S c v = v + cm. S c is equivariant relative to the action of Gn on M. jq. 
In particular, if ji G V{M.n) is a Siegel measure, then S^/j, is also a Siegel 
measure. We shall call a Siegel measure fi singular if i/lm for fi-a.e. v. In the 
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theorem to follow the point mass at the zero measure (y = 0) is considered to 
be a singular Siegel measure. 

Theorem 0.20. If p is a Siegel measure, there exist c > and a singular 
Siegel measure p s such that p = S%p s . In -particular, if v -< m for /x-a.e. v, 
then p is a point mass at cm for some c > 0. 

Theorem 0.20 is proved in Section 6 (Theorem 6.10). A second character- 
ization of the point mass at cm (c > 0) will be given in Section 8: Call v scale 
invariant if u(XE) = \X\ N u(E) for all Borel sets E and real numbers A. If p is 
a Siegel measure such that v is scale invariant for p-a.e. v, then p is a point 
mass at cm for some c > (Theorem 8.6). 

Work on this project was begun during a stay at the Laboratoire de Math- 
ematiques Discretes with the kind support of Universite d'Aix Marseille 2 
(June, 1995). Indeed, the thought that Siegel's Theorem might be relevant, at 
least in spirit, to the study of periodic trajectories for quadratic differentials 
was provoked by a lecture on [4], at Luminy, by G.A. Margulis. The ideas in 
[4], [3] and [5] have been important to us. 

The author wishes to thank M. Boshernitzan for useful conversations in 
connection with this work. 



1. A mean ergodic theorem 

Let G be a semisimple analytic group with finite center and no compact 
factors. G is a finite extension of a product of noncompact simple groups, 
G (Gi x • • • x G r ), p = (pi, . . . , p r ). The notation g ^ s oo is understood 
to mean Pj(g) — > oo, 1 < j < r. 

If a = {a n } is a sequence in G, U a shall denote the set of g € G such 
that the sequence {a~ l gan\ has the identity (e) for a cluster point. N a is the 
least closed subgroup which contains U a . In the special case that a n = b n , 
n > 1, we set = N a and Uj, = U a , recalling that (1) A5 = J7& and (2) for 
any sequence a there exists b such that N a = A5 (cf. [27]). Recall that Nj, is 
totally unbounded if pj(Nb) ^ {e}, 1 < j < r. 

Let V be a Banach space with norm || • ||, and let n(-) be a bounded, 
strongly continuous representation of G on F. We make the standing assump- 
tion that there exist a bounded projection P w onto the subspace of invariant 
vectors and that P n o tt(-) = P n . 

Definition 1.1. The representation it above shall be called admissible if 
whenever b € G is such that iVj, is totally unbounded, then for each v € V the 
orbit Tr(Nb)v has P n v in its norm closed convex hull. 
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Let K be a fixed maximal compact subgroup of G, and let mxidk) denote 
normalized Haar measure on K. Q w denotes the natural projection on the K- 
invariant vectors, defined by a Bochner integral as 

(1.2) Q n v = I (ir(k)v)m K (dk). 

JK 

With notations and definitions fixed above, we can state the mean ergodic 
theorem for admissible representations: 

Theorem 1.3. Let G be a semisimple analytic group with finite center 
and no compact factors. Let ir be an admissible representation of G on a 
Banach space V, and let Q n be defined by (1.2) for a fixed choice of maximal 
compact subgroup K . Then 

(1.4) lim Q n ir(9) = P* 

holds in the strong operator topology. 

Proof. Let K be as in the statement of the theorem, and let G = KA^K be 
a fixed Cartan decomposition. If g = k\ak2, then Q 7r ir(g) = Q 7r ir(a)Tr(k2)- The 
compactness of K and boundedness and strong continuity of the representation 
7r combine to reduce (1.4) to 

lim Q n ir(a) = P n 

aGA+ 

in the strong operator topology. In fact, it is sufficient to prove 
(1.4') lim ||Q ff 7r(a)i;|| =0 (v G V, P w v = 0). 

aeA+ 

Let #(•) denote the Cartan involution of G which fixes K , and use the 
same notation for 8 on the Lie algebra ©. In order to establish (1.4') it is 
sufficient to consider sequences a = {a n } C such that a n — > s oo and N a = 
{heG\ lim 

n—>oo a n hct n — e}. Then 0(N a ) — N a -i is totally unbounded and 
of the form iV a -i = iVj, for some b G G. Letting v G V such that P n v = and 
e > be given, we shall first apply the hypothesis of admissibility to find a 
probability measure £ on N a -i such that £ has compact support and 



(1.5) / ir(h)v£(dh) 



[ < 

JN _! 

rv 1 



< e. 



Let n Q , n Q -i denote the Lie algebras of N a , N a -i, respectively, log(-) 
denotes the inverse to the exponential map where it is naturally defined. Set 
up a continuous map k : N a -i — > K as 

k(h) = exp(log/i + ^(log/i)) (h€N a -i). 
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If we then set k(h,n) = k(a n ha~ 1 ), we have linin^oo k(h, n) = e locally uni- 
formly on N a -i. Define g(h,n), implicitly, by 

(1.6) hg(h,n) = a~ l k(h,n)a n 

= exp(log/i + a~ 2 6(\ogh)a 2 n ). 

Since 6(\ogh) £ n a , we also have lim n ^oo g(h, ri) = e locally uniformly on 

Let 7 n be the image of the probability measure £ on iV a -i under the map 
/i — ► k(h,n). If ||-7r|| = sup 9gG . ||7r(g)|| op , where || • || op denotes operator norm, 
then ||-7r|| < oo by our boundedness assumption. If h £ N a -i and v GV, define 

(1.7) S(h, n, v) = ||7r|| (^1 — ir(g(h, n))^v . 

Then lim n ^oo <5(/i, n, v) = locally uniformly in h € iV a -i , v fixed. We observe 
that if h G iV a -i, then 

(1.8) ||7r(o! n /i)w — ir(a n hg(h, n))v\\ < 5(h,n,v). 
Define 5(n, v) by 

(1.9) S(n, v) = sup 5(h,n,v). 

h& sppt £ 

Since £ has compact support, limn—^ S(n, v) = 0. Finally, by definition of 
and (1.6)-(1.9) we have 

Q n Tr(a n )v = / Tr(ka n )vm K (dk) 

JK 

I I Tr(kk'a n )v n / n (dk')mK(dk) 

JK JK 

n(kk(h, n)a n )v^(dh)mK(dk) 
= I / 7r(ka n hg(h,n))v^(dh)rriK(dk) 

a 1 

= 0(S n ) + / / 7r(ka n h)v£(dh)mK (dk) 

JK JN a -! 

= 0(<J n ) + 0(||7r||e). 

Since n, then e are arbitrary, we have lim ra _ +00 H^Tr^^n)^!! = 0, and the theo- 
rem follows. 

2. Applications of the mean ergodic theorem 



// 

JK JA 



K JN _! 



We continue to suppose G is a semisimple analytic group with finite center 
and no compact factors. Let W = W(G) be the Banach algebra of continuous 
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weakly almost periodic functions on G. Each / G W is bounded and left and 
right uniformly continuous, and in particular the right regular representation is 
strongly continuous on W{G){ii{g)f{) = /(•<?))■ Denote by £ (•) the Eberlein 
mean on W ([2], [1], [18]). £ (/) is the unique constant such that the set of 
(say) right translates of / has the corresponding constant function in its (sup) 
norm convex hull. It is proved in [27] that 

(2.1) hm f(hg) = £(f) 

g^soo 

is true pointwise and, therefore, in the weak topology of W(G). It follows from 
the Banach-Mazur theorem that if b G G is such that Nf, is totally unbounded, 
then the constant function £(f) is in the norm closed convex hull of the orbit 
ir(Nb)f. Therefore, the right regular representation on W(G) is admissible. 
From Theorem 1.3 we conclude 

Theorem 2.2. Let G be a semisimple analytic group with finite center 
and no compact factors. If f G W(G), then for any maximal compact sub- 
group K 



(2.3) lim sup / f{hkg)m K (dk) - £{f) 



0. 



Let V be a reflexive Banach space, and let ir be a bounded strongly con- 
tinuous representation of G on V. The coefficients of ir belong to W(G) and 
if fv u vT 2 {g) = {n{g)vi,vl), vi G V, v 2 G V*, then £(f Vl , v *) = (P^v^v^), where 
P n is a bounded equivariant projection on the subspace of invariant vectors. 
It now follows from (2.1) that if b G G is such that iV& is totally unbounded, 
then for each v G V P w v is in the weak closure of the orbit n(Ni,)v. The 
Banach-Mazur theorem implies 7r is admissible, and we have 

Theorem 2.4. Let G be a semisimple analytic group with finite center 
and no compact factors. If ir is a bounded strongly continuous representation 
of G on a reflexive Banach space V, and if Q w is defined in terms of a fixed 
maximal compact subgroup K, then 

(2.5) lim Q n n(g) = P w 

9-» s oo 

in the strong operator topology. 

Our final application of Theorem 1.3 is in ergodic theory per se. Let 
(X,B,/j,) be a probability space, and let G be represented there as a mea- 
surable group of measure preserving transformations. ("Measurable group" is 
understood to mean the pairing (g, x) — > gx is measurable.) For our Banach 
space V we take £ p (X,B,fi). Define (ir(g)f)(x) = f{g~ l x), f G CP. If Bi is 
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the <7-algebra of invariant measurable sets, i.e., B G Bi when fi(gBAB) = 0, 
g G G, then P^(-) = E{- \ Bj) is a contractive invariant projection. 

Theorem 2.6. Let G be a semisimple analytic group with finite center 
and no compact factors. Let (X, B, fx) be a probability space, and let G be there 
represented as a measurable group of measure preserving transformations. If 
P n = E{- | Bi) is the conditional expectation operator, then 



(2.7) lim f f(gkx)m K (dk)-E{f\B I ) 

for all 1 < p < oo and f G C p {X,B,fj,). 



= 

v 



Proof. The integral in (2.7) is (Q 7T 7r(g~ 1 )f )(x). If 1 < p < oo, apply 
Theorem 2.4. The case p = 1 follows by a standard argument from the case 
p > 1. 

Theorem 2.6 provides a useful criterion for integr ability: 

COROLLARY 2.8. Let the notations and assumptions be as in Theorem 2.6. 
If f > is measurable, and if for fi-a.e. x 

(2.9) lim sup / f(gkx)mK(dk) < oo 

g^soo Jk 

then E(f | Bj)(-) < oo a.e. ; where a.e. x 

(2.10) E(f | Bi){x) = lim E(mm(f,T) j Bi){x). 

In particular, if [i is ergodic for the G action, (2.9) implies f G C 1 . 

Proof. Define fr{x) = min(/(x),T). Choose a sequence g n ^ s oo such 
that lim n _>oo f fT{g n kx)mK{dk) = E(fr \ Bi)(x) a.e. For ^x-a.e. x we have 



oo > lim sup / f(gkx)mK(dk) 

g^soo J 

> lim sup / fT(gkx)mK(dk) 

g^soo J 

> lim / f T (g n kx)m K {dk) 

n-^oo J 



= E(f T | Bi){x). 
Now let T — > oo to obtain the desired result. 

Remark 2.11. For a certain class of groups G Nevo [17] has obtained a 
mean ergodic theorem such as Theorem 2.6 for the family (in the present nota- 
tion) Q 7T 7r(g)Q 7T . Nevo's purpose is for use in a much more delicate pointwise 
ergodic theorem. 
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3. Spherical integrals 

This section is concerned with integrals similar to those in Section 2 of 
[4]. Our purpose is to establish first an elementary upper bound and then to 
motivate the calculation of derivatives in Section 4. 

If N > 1, A N shall denote the semigroup of diagonal matrices 

A N = {\ = diag(Ai, . . . , Ajv) | Ai > A 2 > • • • > X N > 0}. 

It is not required that det A = 1, A G A N . 

We set K = SO(iV) and let m^(-) denote normalized Haar measure on K. 
If Sn-i is the unit sphere in H N , and if is the N th standard basis vector, 
then Sn-i = Kcn- If ip > is a Borel function on H N , define Cip on A N by 



N 



(3.1) Cip{\) = J ip(Xke N )m K (dk) (A G A 

In view of the symmetry of XKejy = \Sn-i we shall always suppose ip is an 
even function. If is the area of Sn-i, and if S^ r _ l = {u G Sn-i \ un > 0}, 
then for an even Borel function ip > we have 

du\ A • • • A dujs[-i 



(3.2) Cip{\) = — / ^(Au) 



JV-1 

In what follows ^ is assumed to be, in addition to Borel and even, bounded 
with compact support. Fix Rq < oo such that ip vanishes outside the ball 
(B(0, Rq)) of radius Ro centered at 0. If A G .4^ is such that Aat > Ro, then 
Cip{\) = 0. Accordingly, we restrict attention to A n (Rq) = {A G .4.^ | < 

Ajv<#o}- 

Next, fix 1 < k < N — 1, and define 

^(fc,i2o) = {A G ^(i? ) I A fc > i? > A fe+ i}. 
Introduce a coordinate 

(w, v) = (Aiui, . . . , X k u k ,u k+1 , ... , u N ) = L k u 
on S~x_ 1 , and observe that if A' = (Afc +1 , ... ,Xn) 
(3.3) 

ip(w, \'v)dw\ A • • • A dw k A cfofc+i A • • • A dvjy-i 



Ai . . . A fc C^(A) = — / 



where (t«, t>) = L k u as above. The right side of (3.3) is uniformly bounded on 
A N (k, Ro). In particular, we have 

Lemma 3.4. Let ip be an even, bounded Borel function with compact sup- 
port, and let Cip be defined on A^ by (3.1). There exists a constant C = 
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C(V0 < oo such that 

(3.5) C(Y>)(A) < C( f (Ae4). 

Ai . . . Aat_i 

In order to motivate a calculation in the next section assume of ip that 
for each < Aat < oo almost all z € R w_1 are such that (z, Aat) is a point of 
continuity of ip. With this assumption we have for H(X) = Ai . . . Aa-iC(Y>)(A) 

lim H(X') = —Hil>{\ N ) 

\' k ^oo,k<N 

where TZip is the restricted Radon transform 

7Ztp(\]\[) = / Xn)cIwi A ■ ■ ■ A dwN-i- 

Jr."- 1 

This is evident from (3.3) with k = N since for large (X[, . . . , A' Ar _ 1 ), v = 
must be close to 1 and X' N v close to Aat. 

If i[) is of class C 1 , and if we set 4>t(u) = ij)(tu), then because Vip(y) ■ y = 

m^ity) \ t =v one has 

U(V^{x) ■ x)(X N ) = (1 - AW(Aat) + (TZ^)'(X N )X N . 

From (3.2) we have 

V\Ci/j(\) ■ A = — / VV>(Au) • Au — — 

and then 

(3.6) lim Ai . . . A^_! (Va'C^(A') ■ A') = ^-ft(V^(x) • x)(Aiv) 

" '.^oo,fc< " 



A' fc ^oo,fc<7V °"Ar 



= — [(I- NW(X N ) + (^)'(Ajv) • X N ] . 
(J at 

Set aside the question of differentiability and let ip = xb, where B = B(0, 1) 
is the unit ball in K N . By direct calculation ^a b (Aat) = (1 - A^)^ 1 )/ 2 
and {TZx B )'{X N ) = -<tjv-i(1 - >? N ) {N ~ 3)/2 >^N when < Ajv < 1. Then since 

— [(1 " - X%)(^ - a N ^(l - X%Y N -^X% 

= ^zi(l_ A 2 f) (AT-3)/2 ) 

it is a formal consequence of (3.6) that 

(3.7) lim A; . . . X'^VCxsiX') • A' = -^1(1 - Afy)^ -3 ^ 2 , 

\' k -nx>,k<oo a N 
A'e.4+ 
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which holds for < Xn < 1. We shall verify a version of (3.7), with bounds, 
in Section 4. 

4. Calculations for the ball 

Let 1 < c < oo, and redefine 

A%{c) = {A G A$f | Ajv-i > c> 1 > X N }. 

To fix notations in this section we define F/v(A) = Cxb(X), where i? = 5(0, 1). 
In this section we shall prove 

Theorem 4.1. // 1 < c < co, i/iere exists a constant 77(c) < oo smc/j £/iat 
i/Ae .A^-(c), i/ien 

(4.2) A X . . . A^Vi^A) • A) + ^(1 - A^~ 3 V 2 

CAT 

77(c) 2q-jv_i 2 s(AT-3)/2 

A A r„ 1 <TJV 

As i/te notation suggests «s continuously differentiable on Aj^(c). 

The inductive proof involves some calculations, the first being used to 
establish (4.2) when N = 2. 

/ !_ A 2 \ 1/2 

Let A G -4-2 ( c ) f° r some c > 1, and define a(A) = (^ A a„ A 2 a J • Declare 
<7i = 2 so that the constant — = -. Now 

F2 W = - / n 2W2: = — sin - a(A). 

Then by a short calculation 

2 Ai 



AiVF 2 (A) • A 



vr (A?- l)V2(i _ A 2)V2 
and one finds 



Now suppose N > 2 and the theorem has been established for N — 1. Fix 
1 < c < 00, and assume below that A £ *4^(c), i.e., that Aa?_i > c > 1 > Ajv- 

We introduce some coordinates and other quantities. Assume \u\ \ < 1/Ai 
(< 1), u G 

(4.4) Vj {X,u) 



(l-u 2 )V2 

(2 < j < N) 



^' (A ' U) " (l-A 2 nf)V2 
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While {vj} depend upon all coordinates of u, one should note that involve 
only the first, i.e., u\. Define a(A), by analogy with (a(X),N = 2) above, as 



1 A 2 ^ 1/2 

A 



xi-x 



N 



a(X) 
We have 

(4.5) a(A) < 1/Ai 

Hn(X,ui) > 1, \u±\ > a(A) 
Hj{X,ui) > Xj, 2<j<N, \ui\ < 1/Ai. 

By abuse of notation we view \i = (/j,2, ■ ■ ■ , un) as an element of R^ -1 . 
By (4.5) we have fi € ^4^_ 1 (c) when A G A N (c) and |«i| < a(A). When 
a(A) < |ui| < 1/Ai, we observe Fn-i(h) = 0. 



By definition v(X, u) E 5^_ 2 when -u G S^r-i' and Ylf=2 t^jVj < 1 precisely 



when £f=i A]u] < 1. Since (4.4) implies 

d,U2 A • • • A cIun~i i 2\^^- dv2 A • • • A dv^-i 
= (i-^i) 

UN V N 

we have 

F N (X) = — l-^i) 2 / X Sjv X (H d«i 

ON J- a {\) JS+_ 2 N ^ V N 

fo(A) 



(Tat. 



-. raw jy-i 

± / (1-n 2 ) 2 Fjv_i( M (A,ui))dui. 



ON J~a(X) 

Since Fjv-i(/x(A, ±a(A))) = 0, it is possible to differentiate under the integral 
to find 

pa>(\) N—l 

VF N (X)-X = / (I-^—Va^-io^A.^-A^. 

0"AT J-a(X) 

Use the relations |^ = ^, 2 < i, j < AT, and |^ = yE^/Uj, 2 < j < N, to 
establish 

Va-Fat-i ° m(A, ni) • A = -^V^Fjv-^Ai) ■ /x. 

We now have 



_i /°W 

Definition (4.3) implies 



(4.6) ViAy(A) • A = / L- ^ V^^) ■ /x 

OA J_a(A) (1 — Af Itf ) 



(1 _ x 2 u 2 )^ 

(4.7) Ai . . . Ajv_i = Ai jy_ 2 ■ ■ ■ hn-i- 
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Multiply the two sides of (4.6) by Ai . . . Ajv_i and use (4.7) to find 
(4.8) 

Ai . . . Ajv-iV-Fjv(A) • A 

/"£t(A) N 4 

= Ai^i / (l-u\) l / 2 (l-\lul)^^ .. ./ijv-iVify-iOO-Aidui. 

°N J-a(X) 

As we have observed, fi(X,ui) G ^4^_ 1 (c) and /Uj > Aj in the range of u\ of 
interest. We apply the induction hypothesis to write 

(4.9) M 2 ■ ■ ■ m-iVFWM) • A* = " — (I " f 1 + 4^1 

with |-E(/u)| < r]N-i{c)- Using hn-i > Aat-i, the second summand on the 
right side in (4.9) satisfies 



(4.10) 



We must now compute the principal part of the integral (4.8). To this end 
observe that 

AT-4 
2\ ~~ 



JV-4 



(l-A?u?)*F V V«(A) 



The principal part of (4.8), i.e., without the factor 1 + in (4.9), is now 



(4.11) -(l-A^A^f^-^Wl-f^Y) \„, 



-a, 2on-2 r w 

<?N J-a(X) 

Substitute u\ = a(A)r so that (4.11) becomes 

^ '>-*» ¥ «4f (^) jTm^o-^*. 

It is clear that ,, 2 J 1 . u/2 = 1+0 ( t^— ) and (l-a 2 (A)r 2 ) 1/2 = l+O ( ) 
v A i iv^ y A jv-i y \ v A iv-i y 

hold uniformly for A G A^(c) and — 1 < r < 1. Make the substitution t 2 = t 

in (3.12) to find 

(4.13) 

.2 A-~^ f~2a N -2 \ f 1 n 2\Z=± -,_(■, , 1 



(1-A^)— ^ (1-r^ — dr l + O 



= (I-A^)t- — iizi 2/ (1-t)— l + O 



a N J Jo 2 \ 

2 a^ ( -2a N _ 2 \ „f N - 21 \f,,^f 1 



(I-A^)t- — -iizf S i + o 



u 7v y V 2 ' 2/ \" VA 2 



N-l 
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where B(-,-) is Euler's beta function. One knows <t;v-i = &N-2B (— — , 2)- 
Therefore, if we combine (4.9) and (4.13) 

2ctn-i t, 2 -. N ~ 3 I 1 1 



Ai . . . A W _!(VF W (A) • A) = ^(1 - A^)— 1 + 



°N \ V A AT-1, 

is true uniformly on A^{c), c > 1. This implies the statement of Theorem 4.1. 

5. A basic identity 

Let v be a Borel measure on R^. If B(0,R) is the open ball of radius R 
about 0, define the growth function 

(5.1) N v (R) = v(B(0,R)). 
Then define 

(5.2) M(v) = sup 

0<R<oo 11 

We shall deal with measures under the assumption M(y) < 00. For certain 
formulae it is required only that N ^n^ be bounded on every interval (0, T), 
T < 00. 

Let A+ = A% n G, G = SL(N, R). If a € A% and R > 0, define Ra = 
diag(.Rai, . . . , Raw) € A^. For later reference we record for A = X(R,a), 
Xj = Raj, 

ftN-l 

(5.3) Ai...Aat_i = . 

CLN 

Let Fn(X) be as defined in Section 4. If M(u) < 00, and if B is the unit 
ball in R^, then 

P P /*00 

(5.4) / / x B (akx)m K (dk)v(dx) = / F N (Ra)dN u (R). 
Jk n Jk Jo 

This relation holds because the inner integral on the left side is a radial function 

of x (namely F/v(||a;||a)). 

Lemma 5.5. Assume of a € A^ that 
(5.6) < ' 



JTten 



(5.7) /" ajv 1 F N (Ra)dN u (R) = Oil 

Jo \ ajv-i 

mi/i O(-) uniform in v and a G satisfying (5.6). 
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Proof. Set C(x B ) = Cjv in (3.5). From (3.5) and (5.3) we obtain 
F N (Ra) < Cnj^^t. Replace F N (Ra) by C N ^rr on the left side in (5.7) 
and integrate by parts: 



2 2 

J""- 1 F N (Ra)dN u (R) < Cn Jj"- 1 j^dN u (R) 

r(N-l) 

Jo 



-r N ^ R) (n m 



Lx +C N {N-1) a -^^dR 



\ dJV-1 

as claimed. 

Next, we take up the integral on the right-hand side of (5.4) over the 
interval ^ a ^ - , oo^ . If Rajy > 1, then Fn(Rci) = 0, and therefore we study 

the integral over the finite interval • By (5.6) this interval is not 

empty. Integrate by parts, taking into account the fact F^^a^a) = and the 
estimate which resulted in (5.7): 

(5.8) i 

[ aN F N (Ra)dN u (R) = o(m(u)-^-]- 1^ N u (R)^-F N (Ra)dR. 
J—^- V a N -iJ J—^- dR 

a N-l a N-l 

Now by Theorem 4.1 and (5.3) 



-^F N (Ra) = ^VF N (Ra) ■ (Ra) 
(IK K 

On 2(Tat_i ^ 2 2 x JV^3 



(l-i?Xr)~ 1 + 



R N a N v ^ ' \ ' I i? 2 a 2 A 



JV-l 



with 0[ fl 2 a 2 — ) uniform for Rqn-i > 2 (say), as is true on the interval of 



JV-l 



integration in (5.8). 

The second summand on the right side of (5.8) can be rewritten as 



Substitute r = i?a/v in (5.9) to obtain the integral 
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To deal with the O(-) term divide the interval of integration in (5.10) into 

intervals (j^, (i^) 2 ^ and {^(i^) 2 ^ The °(0 term is at most 
1/4 on the first interval. If we now assume 



(5-11) < \ 

a N -i 4 



the integral over (j^, (i^Y^ is ( M H (^Y^^j uniform in v 
and a <G satisfying (5.11). As for the second interval the O(-) term under 
the integral is O ((^f 3 (^) 2 ) = O ((^) 2/3 ) , and the O(-) term 

again contributes O ^(^7) ^ to the integral. Finally, with a G 

constrained by (5.11) we have 



(Tat 



By collecting results we have 



Theorem 5.12. If u is a Borel measure on H N such that M(u) < 00, 
then for a £ constrained by (5.11) there is the uniform estimate 

(5.13) / / XB (akx)rn K (dk)v(dx) 
Jn N Jk 

<?N Jo (_ZL) \ 



\ 2 /3 N 



ajv-i 
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Define Jin on R + by Hn{t) = r(l — r ) 2 v (r). The factor r guar- 
antees /iat G L 1 (R + , ^P). The Fourier transform, h^, is given by 



f 00 • dr 

h N (c) = / MrK"— 
Jo T 



JO 

1 ^ 



r 2 ) — r iC dr 







1 

= 2 B 



7V-1 1-Hc 



2 ' 2 

2 r(^) 

Since N > 0, /ijv(c) 7^ 0, c G R. Since = a^-iB (^f^, 5), the function 
i/iAr is integrable with g N (0) = 1. Define ip„ e L°° (R + ,^) by 



SAT 



2<tjv- 



(TJV 



Vv(i) = i^-^Vi/ (j), t > 0. The integral on the right-hand side of (5.13) is qn * 
Vv(o/v)- Since <7at(c) / 0, c £ R, the Wiener tauberian theorem implies that if 
lim Ojv _ >O 0JV*Vv(aw) =£ = <7a(°K then for every gel 1 (R + , ^) lim ajv ^ S'* 
V^(°a) = 5(0)^. In particular, if we set g(t) = i% (0 x) (i) and use Theorem 5.12, 
we obtain 



Theorem 5.14. Assume M{y) < 00. If 



(5.15) 

then 
(5.16) 



lim 

a ^°° JR N JK 



X B (akx)mK(dk)v(dx) 



lim 



N U (R) 
R N 



dR = i. 



Lemma 5.17. Let if > be defined on R + , and assume there exists a > 
such that ip{u)u a is monotone nondecreasing. For all t > and A > 1 we have 



(5.18) 



¥>(*) 



<P 



,00 D 



Proof. If t/X 1 /" < s <t, the assumption on 99 implies <p(t)t a > tp(s)s a > 
^tp(s), and therefore <^(s) < \ip(t). The first line of (5.18) is true and the 
second line follows by a similar argument. □ 
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We shall apply Theorem 5.14 and Lemma 5.17 to establish 
Theorem 5.19. If M(u) < oo, and if (5.15) is true, then 

(5,0) 

Proof. Let </>(#) = and a = iV in Lemma 5.17. Set A s r = 

^ ^(i)^, < r < s < oo. Note that £ < oo by Theorem 5.12. Let 

t~ = liminf^oo ip(R). If i~ < £, set a = < I and fix A > 1 such that 

Xa < £. The lemma implies that if ip(t) < a, then ip < Xa < I on jr/^t, t . Let 

s = -^t. Then A* = f A s + (l - f ) A* < + (l - f ) Ao. If t -»• oo in such 

a way that <p(i) < a, it follows that ^ < + (l — p7^) (^T - ) < ^' a con " 
tradiction. We conclude £~ > By an analogous argument limsup^^ ip(R) 
< £, and the theorem follows. □ 

Remark 5.21. In most of the applications the measure v will itself be a 
point in a probability space (Mn, &n, A 4 ) (§6). There will exist a constant 
c(n) < oo such that 

(5.22) J m tW^to) = 0<t<oo. 

The analysis which lead to (5.13) (Theorem 5.12) was conducted for a single 
v, M{y) < oo, and involved replacing expressions of the form N ffi , in certain 
places by M(v). If the issue in (5.13) is an error estimate for an equation in 
L 1 (//), one may integrate over Mn m the same places, applying the Fubini 
theorem where necessary, and thus replace N ffi by its L l (p) norm ((5.22)), 
i.e, by c(jx)^M-. With this modification Theorem 5.12 may be restated as 



Theorem 5.23. Let (Mn,Bn,v) be as in Remark 5.21. If a e A^ 
constrained by (5.11), there is the estimate 

(5.24) 

f [ x.^rfftM*) - f N " 

Jr n Jk °~n Jo 

= O (cQj) 



■is 



N 

a N 



(1 -r 2 ) — dr 



. 2/3^ 

a N ■ 



Theorem 5.23 is a restatement of Theorem 5.12 in the context of Re- 
mark 5.21, i.e., for the measure spaces (Mn ,Bn , A 4 ) which satisfy (5.22). We 
shall now give corresponding replacements for Theorems 5.14 and 5.19. 
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Theorem 5.25. Let {Mn,&n,h) be as in Remark 5.21. If £ e R+ is 
such that 



(5.26) 

then 
(5.27) 



lim 



aeA+ 



/ / X B ( a ^ x ) m K(dk)iy(dx) 
Jr n Jk 







lim 

T^oo 



R N 



dR-£ 



0. 



1,M 



Proof. As in the proof of Theorem 5.14 the integrand in the second term 
in (5.24) is expressed as tpv * 9n(o.n)- But now if) v (t) is viewed as a function 
on R+ with values in L 1 (Mn, &n, /•*)• By (5.22) we have for each t the re- 
lation = c(/z)^. That is, ip u (t) is a bounded function from R + 
to L 1 (Mn,Bn,h)- It follows that the set {g G L 1 (R + ,^) | lim ajv ^ * 
9(cln) — £{j(0)\\i,n = 0} is a closed ideal. Since §n is never 0, this ideal is all 
of L 1 (R + , ^p). As in the proof of Theorem 5.14 the choice g(t) = tx (0 
yields (5.27). The theorem is proved. □ 

Finally, we shall replace Theorem 5.19 in the context of Remark 5.21. 

Theorem 5.28. Let (Mn,Bn, aO be as in Remark 5.21. 7/(5.26) is true, 



then 
(5.29) 

Of course, by (5.22), £ = c{n)^ 



lim 

R^oo 



N V (R) 



R N 



= 0. 



i,n 



Proof. By the proof of Theorem 5.19, the relations (5.18) from Lem- 
ma 5.17 and the fact (5.27) is also true in measure imply that (5.29) is true in 
measure. It is therefore sufficient to establish that the family j | R » 0} 

is uniformly integrable. To this end let c > and let E € Bjy, R > be such 
that 

N V (R ) 

ie R N 

If R < S < 2R, then > and therefore by the Fubini theorem 

and (5.30) 

r2R N u (s) 



(5.30) 



Ie 



-n{dv) > c. 



(5.31) 



Ie 2-R Jo 



-dsfi(du) > 



2 N+V 



Since / Q T ^j^-ds \ T > o} is uniformly integrable, (5.30)-(5.31) imply that 

for every e > there is a 5 > such that if R > 1 and fi(E) < 5, then c < e in 
(5.30). The theorem is proved. □ 



SIEGEL MEASURES 



917 



6. Siegel measures 

If N > 1, we define Mn to be the set of Borel measures on R^ such that 
M{y) < oo. If ip(-) is a compactly supported bounded Borel function on R , 
define tp on M n by duality, 

(6.1) 4>{v) = [ 4>{x)v{dx). 

Jr n 

Endow Mn with the smallest topology such that i\) G C(Mn) when -ip G 
C C (R W ) (= continuous, compactly supported functions on R^). The following 
fact implies Mn is a countable union of compact metrizable spaces: 

Lemma 6.2. If c < oo and Mn(c) = {v \ M{y) < c}, then Mn{c) is 
compact and metrizable. In particular, Mn is a, standard Borel space ([30]). 

Proof. The elementary proof is left to the reader. 

Remark. Of course, Mn is neither locally compact nor metrizable. 

Let G = SL(iV, R). If A G G, A determines a linear transformation of Ti N 
which, as a continuous map, maps measures to measures. Since A~ 1 u(E) = 
v(AE), u e Mn, E Borel, A G G, we have 

N A -i v (R) <N V (\\A\\R) 

< \\A\\ N R N M(u). 

That is, M(A^ 1 v) < \\A\\ N M(v), and G acts naturally upon Mn- It is clear 
that (A, u) — > A~ l v is continuous as a map from G x Mn to .Mat. 

Denote by V(Mn) the set of Borel probability measures on Mn- We 
introduce 

Definition 6.3. An element fi G "P(A4Ar) is a Siegel measure if (a) G/U = /i 
relative to the action (A, v) — > ^4 _1 i/ and (b) /x is ergodic relative to this action. 

Theorem 6.4. Lei fi be a Siegel measure. If ip G C^R^), i/ien V> G 
L 1 ^). 

Proof. It is a consequence of Theorem 5.12 that if < ip < cx B , B = 
B(0, 1), c < oo, and if we express g G G as g = k\ak2, a G A N , k\„ ki G K = 
SO(iV), then (note g — > oo is the same as g — > s oo) 

limsup / ip(gku)mK(dk) < limsup c / x B {^ a ^ , ^ x ) m K{dk)v{dx) 

g^oo Jk k 1 ak 2 =g^oo JR N JK 

= limsupc / / x B ( a k x ) m K{dx)v{dx) < cCnM{v) < oo. 

a^oo JRN Jk 
a£A+ 
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By Corollary 2.8 tp G L l ([i). For the general case define T\v{E) = ^pp-, 
A > 0, where XE denotes the homothety by A on H N . Since T\G = GT\, 
the image T\fi of a Siegel measure under this map of Mn is again a Siegel 
measure. Since tJ)(T\v) = ip\{y), where ip\(y) = X~ N ip(X~ 1 y), and since is 
supported on B(Q, 1) when ip is supported on B(0, 1/A), the first part of the 
argument implies if) G L 1 (T\/i) when ^ is supported on 5(0, 1/A). But since 
fi = T\Tx-ifi and Tx-ifi is Siegel, we have V> G L 1 ^). The lemma is proved. □ 

Theorem 6.5. // /x G "P(A / Jat) is a Siegel measure, there exists c(fi) < oo 
suc/i i/tai /or any .Bore/ function ip G L 1 (R Ar , dx), 

(6.6) / ^(y) n(dv) = c(/x) / ip(x)dx 
Jm n JR n 

where dx is Lebesgue measure. 

Proof. If V G C C (R JV '), then ^ G L 1 ^)- Define a functional $ by 

(6.7) <I>(r) / j(v)n(dv) (iPeC c (K N )). 



J Mn 



If ip A (x) = ip(A~ 1 x) and tp A {y) = ^(A^v), then ip A = tp A . Since fi is 
invariant, we have ®(-ip A ) = $(ip), A G G, tp G ^(R^). Also, V > implies 
$(■0) > 0. It follows then that there exist a, b > such that 

$(,/,) = aip(0)+b[ i){x)dx (ip€C c (R N )). 



Ox- 



Choose ipk(x) = XbOeXI - Il x ll ) > ^ > 0, so that Q <ipk <X B an d i>k(%) —> &i 
pointwise. By definition of M(v) we have ipk{v) — > for all and by the 
dominated convergence theorem 

a = \im^(tp k ) = 0. 

It follows that we may take b = c(/x) so that (6.6) is true when i/j G C C (R N ). 
The extension to integrable Borel functions ip on R^ is straightforward and 
will be omitted (e.g., the set of ip which satisfy (6.6) is closed under monotone 
(integrable) limits). □ 

Corollary 6.8. Let fi G V{Mn) be a Siegel measure. Then (5.22) is 
true. That is 

(6.9) J m ^W m (^) = c (m)^ (0<t<oo). 

We conclude this section with a rudimentary structure theorem for Siegel 
measures. Let m = rajy denote Lebesgue measure on R^. If c > 0, define 
S c : M. n — > M n by 

S c u = v + cm (v G Mn, c > 0). 
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Since GS° = S C G, the induced map S%, on V{Mn) sends Siegel measures to 
Siegel measures. We call a Siegel measure \i singular if vLra for fi-a.e. v. If 
c > 0, 7] c denotes the point mass at cm. Trivially, rj c G V(Mn) is a Siegel 
measure. By Lemma 6.2 both Mn and Aijy x R-^ are standard Borel spaces. 
We now restate Theorem 0.20 of the introduction in the form 

Theorem 6.10. If fx G V{Mn) is a Siegel measure, then either (a) n = 
or (b) there exist c > and a singular Siegel measure fi s such that (i = 

Proof. Identify (R N \ {0},m(du)) with (G/H ,m G/HQ (dgH )) where H Q 
is the isotropy group of an arbitrary but fixed vector vq G H N \ {0}. If /x is 
a Siegel measure, then Moore's ergodicity theorem ([16]) implies n is ergodic 
for the induced action of Hq. Then, according to Zimmer ([31, Theorem 4.2]; 
see also [30, Proposition 2.22]), fi x m G / Ho is ergodic for the G action on 
Mn x G/Hq. Associate to \i a Borel measure A^ on Mn x G/Hq, defined by 
disintegration (cf. [6]) as 

(6.11) A„(F) = / v{F[v\)n(dv). 

J Mn 

In (6.11) F C M N x G/H is a Borel set and F[u] = {gH \ {u,gH ) G F}, 
v £M N - A M is a-finite (e.g., X^Mn x B(0, R)) = c(fi)R N ^- by Theorem 6.5). 
Let A M = A^ + A* be the Lebesgue decomposition of A M relative to fj, x m, i.e., 
A^ -< /i x m and A*_L/i x m. Both A^ and A* are G-invariant, and therefore 
the ergodicity of fi x m implies A^ = c • (/i x m) for some c > 0. 

Since A*_L/i x m, there exists a Borel set I? C Mn x G/Hq such that 
/x x m(E) = = A^(F C ). If ^ € Afjv, define a Borel measure £„ on G/Hq by 
f„(A) = n Since < i/ and G/Hq = ~R N \ {0}, there is a natural 

sense in which G A^jy. 

If F C Afjv x G/i^o is a Borel set, then by (6.11) and the choice of E, we 

have 

(6.12) X s fl (F)=X ll (EnF) 

= [ ,((£nF)[4w 

= f um)^dv). 

J Mn 

If B C G/i?o is a Borel set, and if we set F = Mn x -B in (6.12), we find that 
f — > ^(-B) is a Borel function on A^at. From this we conclude that v — > -0(^) 
is a Borel function on Al^ for each ^ G ^(R^), and therefore -R(z^) = £j, is 
a Borel map of Mn to itself. In particular, (6.12) is a disintegration of A* 
over (i. 
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If g G G, the fact g\ s ^ = A^ combines with the a.e. ji uniqueness of 
the representation (6.12) to imply g£„ = jiz-a.e. v. We conclude that 
R : Mn — ► -M-N is Borel and a.e. /it an equivariant map. In particular, [i s = 
R*[i is a Siegel measure. By construction fi s is singular. Since v = cm + £„, 
a.e. z/, we have S* c i? = Id a.e. ^ and fi = S^fi s . The theorem is proved. □ 



7. Asymptotic growth 

If Bn is the Borel <r-algebra of A4n, then Corollary 6.8 implies that for 
every Siegel measure fj, the triple ( Ad n , Bn , /■*) satisfies the hypothesis (5.22) 
of Remark 5.21. Collecting results from Theorems 2.6, 5.25 and 5.28 we have 

Theorem 7.1. Let N > 1, and assume fx G V(A4n) is a Siegel measure. 
Then 

( 7 - 2 ) J im -^" c ^^ 



R^oo 



0. 



Remark 7.3. If TV > 2, and if the Siegel measure [i is such that ^ G 
L 2 (//) for all ^ G C^R^), then (7.2) also holds pointwise for /x-a.e. z/ (Theo- 
rem 14.11). 

8. Special Siegel measures 

Let v G A4n be such that Taz> = zv, A > 0, where T\u{E) = for 
Borel sets E. Such a v has a unique expression in polar coordinates as 

(8.1) v = 7„ x (R N - 1 dR) 

r>N 

for a finite Borel measure j u on SW-i- Since N„(R) = ^(Sn-i)^, we have 

( 8 - 2 ) -JjFT ~ N ■ 

Proposition 8.3. Let /j, be a Siegel measure such that T\v = v, A > 0, 
for fi-a.e. v. Define h(y) = j u (Sn-i), where j u is defined by (8.1). Then if 
c(/x) is as in Theorem 6.5, 

(8.4) /i(z/) = c(/x)crjv (/i — a.e. z/). 

Proof. Immediate from (7.2) and Theorem 7.1. □ 

Lemma 8.5. If v £ Mn is such that T\v = u, A > 0, then for each 
A G G = SL(A r , R) ^l -1 ^ /zas f/ie same property. If h(u) = j u (Sn-i), then 

(8 - 6) ^~'" ) = I., 
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Proof. If E C Sn-i is a Borel set, and if E = {tx \ x G E, < t < 1}, then 
= 2^1. HE = S N -i, then /i^- 1 ^) = 7 A -i I/ (Sj V -i) = Nv(AB), B = 
unit ball = Sn-i- If x G Sn-i, then x = ||^4 _1 x|| (^pprfj|)) and therefore 
^45 contains the interval {tx | < t < ta=t^\\ }• ^ follows then that 

/i(A -1 ^) = Nu(AB) 

Ividx) 



Is, 



as claimed. □ 

In the next theorem we shall assume \i is a Siegel measure on A4^, the 
set of even elements of Mn- 

Theorem 8.7. Let M e N = {v G .Mat | ^(--E 1 ) = K-E 1 ), Borel}. //> is 
a Siegel measure on A4 N , and if T\v = v, A > 0, /or /x-a.e. ^ G A4^, i/ien 
is a point mass at v = c(fi)dx, i.e., 

(8-8) n = 7] c(ll ) 

in the notation of Theorem 6.10. 

Proof. Let Pjv-i = Sn-i/ ± 1- Since fi-a.e. v is even, the measure 7„ in 
(8.2) is even. Proposition 8.4 and Lemma 8.5 imply 

(8.9) / y^T% = <^ (9 G G, /i-a.e. u). 

Js N - 1 \\9 x \\ 

If o~{dx) is Euclidean measure on Sn-i, the measure c(fi)a(dx) is also even 
and satisfies (8.9). It is only necessary to establish that an even measure 7^ 
on Sn-i is uniquely determined by the integrals (8.9). Now if [x] = ±x is an 
element of the real projective space Pjv-i, the function P(gK, [x]) = \\g~ 1 x\\ N 
is a Poisson kernel on G/K x Pjv-i f° r the Laplace-Beltrami operator on G/K 
and the nonmaximal boundary Pjv-i- It is well known and easily proved that 
the Poisson integrals <p(gK) = f p i P(gK, [x])X(d[x]), A a finite measure on 
Pjv-1, uniquely determine A. (See Remark 8.10.) Since 7„ and c(jx)a{dx) are 
even measures on Sn-i with the same Poisson integrals, their projections on 
Pjv„i are equal. That is, 7^ = c(fi)a(dx), as claimed. 

Remark 8.10. Let G = SL(N, R), K = SO(iV), and let M be the group of 
diagonal elements of K. Then B{G) = K/M is the Furstenberg boundary of 
G. The Poisson kernel on G/K x B{G) is 

(8.11) P (gK,kM) = e -MH( S - 1 k)) 

N-l 

= II II^MeiA-.-Ae^ir 2 
3=1 
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where e\, . . . , e/v is the standard basis for R N (cf. [25, Section 4]). According 
to [11, Propositions 2.6-2.6'], a finite positive measure A on B(G) is uniquely 
determined by its Poisson integral PX(gK) = J B ^ P {gK, kM)X(dkM). Map 
K/M to Pjv_i by kM -» [ifcei]. Let K N -i = SO(N - 1) be embedded in 

SO(N) by u — > = ^ ' anc ^ ^ ^ e normalized Haar measure on 

if/v-i- The key relation is 

(8.12) H * NjV = / P (gK,kk{u)M)du. 

\\g fce ill Jk n _ 1 

To establish this relation directly, let <? _1 fc = k\an be expressed as a Iwa- 
sawa decomposition. In view of (8.11) we may suppose k\ = I. Let a = 
diag(ai, . . . , ajy), and let a, n be the (N — 1) x (TV — 1) matrix consisting of 
the rows, columns 2,...,N of a, n, respectively. We have deta = af 1 and 
detn = 1. For all j and u G ifjv-i 

(8.13) g^ 1 kk(u)ei A ■ ■ ■ A ej = (a\ei) A ahu{ei A ■ ■ ■ A ej). 
Let a = a\^ N 1 a so that deta = 1, and observe that (8.13) implies 

JV-1 

(8.14) H\\g- 1 kk(u)(e 1 A---Ae j )\\- 2 



3=1 

N-l 

2(3-1) 



-2(JV-1) 3=1 



I [ \\ahu(e2 A ■ ■ ■ Aej 



N-1 

= a^ N ] [ ||anu(e 2 A • • • A ej)||~ 2 . 

If g^ 1 = an G SL(iV — 1,R), then since a\ = ||g _1 A;ei||, the last term in 
(8.13) is \\g~ 1 kei \\~ N P' {gKj^_i, wMjv_i). Here P' Q is the Poisson kernel for 
SL(iV - 1, R)/ifjv_i x J B(SL(iV - 1, R)). Since the Poisson kernel has integral 
1, (8.12) follows. The uniqueness statement in the proof of Theorem 8.7 is now 
a direct consequence of [11]. Simply lift the image of 7^ on Pjv_i to B(G) 
with the help of du and the map kM — > [±ke\]. 



9. A characterization of Lebesgue measure 



This section is devoted to proof of the following theorem and its corollary 
below: 

Theorem 9.1. Let N > 1, and let v be a Borel measure on R^ such that 
(a) v is even, i.e., v(—U) = v{U) for every Borel set U and (b) v{E) = m{E) 
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for every ellipsoid E with center 0, where m(-) is Lebesgue measure. Then 
v = m. 

Corollary 9.2. Let tp e C C (R N ) and e > be given. There exist 
ellipsoids E\ , . . . , E r centered at and 5 > such that if u is an even Borel 
measure, and if \v(Ej) — m(Ej)\ < 5, then 



J ip(x)v(dx) - J i>(x)m(dx) 



< e. 



Proof of corollary. Suppose the statement is false. There exist tp G C C (R^) 
and e > such that for every finite set £ of ellipsoids with center zero there is 
a Borel measure v = V£ with the properties 

(9.3) | v{E) - m{E) \ < l/(Card S) {E G £) 



tp(x)u(dx) — / i/j(x)m(dx 



> e. 

Let J- be the set of such finite sets £, ordered by inclusion. The net {ve\e^T is 
locally bounded, and therefore there is a subnet {vs 1 } such that lim^/ vgi = v 
exists in the C C (R N ) topology. Use rE to denote homothety of an ellipsoid E 
by r > 0. For any E and n < 1 < r2, we have {r\E,r2E} C large £'. Now 

| u £l ( rj E) - rfm{E) \ < l/(Card £'). 

This implies rj V m(£') < v{E) < m(E) for all r\ < 1 < r2, and therefore 
= m{E) for every ellipsoid E with center zero. Theorem 9.1 implies 
v = m and, in particular, 

Inn y ip(x)u£/(dx) = J ip(x)m(dx). 

This contradicts (9.3), and the corollary is proved. □ 

We shall prove Theorem 9.1 in two steps. First, we shall assume 

(9.4) u{dx) = ip(x)m(dx) 

where tp(-) is uniformly bounded and continuous on R Ar \{0} and ip(—x) = 
tp(x). An approximation (convolution) argument is then used to reduce to the 
first case. 

If < 8 < 7r/2, and if tpN-i(Q) is the surface area of the set of x G Sn~i 
whose spherical distance from e\ = (1, 0, . . . , 0) is less than 8, then 

(9.5) <p N ^(8) = ^ (sin^a + otl)) 

where o(l) is as 8 — > 0. (Recall that <Tjv_i is the surface area of SW-2-) 
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We focus on the ray R + ei. If < a < 1 and R > 0, define E(a, R) to be 
the ellipsoid 

E(a,R) = | x € R, y € R^ 1 , x 2 + < i? 2 }. 



For later reference we record 
(9.6) 

We shall study v in polar coordinates 
(9.7) v(d(R,x)) = ip{Rx)R N - 1 dRA(dx 



m{E{a,R)) = a N ~ 1 R N ^ = u(E(a,R)). 



where A(dx) is the Euclidean surface area measure on Sn-i- It is our goal to 
prove ip = 1. 

If < t < 1, the intersection of E(a,R) with the sphere S(tR) = {(x,y) \ 
%2 + IMI 2 = t 2 R 2 } has one or two components, one if t < a and two if t > a. 
The contribution to v(E(a,R)) from values t < a is 0(a N ). As we shall be 
letting a — > 0, it will be no loss to assume a < t < 1. 

If < x = tRcos6 and ||y|| = tRsin0, then (x,y) € S(tR) f)E(a,R) if 
and only if 



sine/ < 



a / 1 - i 2 



2\ 1/2 



i V 1 - a* 



Let Q(a,t) be this region on the unit sphere (i.e., u = cos#, ||i>|| = sm9 < 

/. , 2 \l/2 
f ( 1=^) )• Fr ° m ( 9 - 6 ) We haVe 



a^^E^^ = 0(a N ) + f 1 2 [ r(lR.r)cIA(.r) 

Ja JQ(a,t) 



N 



t N ~ 1 R N dt. 



Divide by a R and use (9.5) to find 

»i 



aT = ° (a) + iv^T 



2(^i?) + o(l)) (1-t 2 )— +o(l) 



dt 



where o(l)'s are as a — > 0. We conclude that for all -R > 



(9.9) 



cjat TV — 1 



f\(tR)(l 
Jo 



t 2 ) — dt. 



2a N ^i N 

Now the left side of (9.9) also equals f^(l — t 2 )^~dt as is easily checked. By 
the Wiener tauberian theorem, applied to the bounded function ^(r), r > 0, 

and t(l - i 2 )^X( ,i)(*) e L ^ ( R+ > f )' we have 

ip{tR)dt = 1 (i? > 0). 



/ 

J o 
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Since ip is continuous, ip(r) = 1, r > 0. Therefore, v(dx) = ip{x)m{dx) = 
m(dx), and Theorem 9.1 is proved in this special case. 

Now let there be given an arbitrary measure v{dx) which satisfies the 
hypotheses of Theorem 9.1. Let H = R+ x K, K = SO(iV). Identify R w \{0} 
with H/SO(N — 1) by the map h — > hejy = tke^, t > 0, k £ K . There is a 
canonical lift fi of v to a Borel measure on H which is right invariant under 
(the embedded) SO(iV — 1). Because v is even, fi is right invariant under 
L = {keK | k{±e N } = {±e N }}. 

Let ip € C C {H) be such that 

(9.10) / p{u,£)u- N - l dum K {d£) = 1. 
Jh 

Use ip and /U to set up a function ip on if, where 

(9.11) j>(s,ko) = -^Jv^kkj^nidfrk)). 

The right L-invariance of fi implies ip is right L-invariant. Therefore, ip deter- 
mines ip(-) on R Ar \{0}, where 

(9.12) ip(x) = 4>(s,k Q ) (x = sk Q e N ). 

It is evident that ip is continuous and even. 

Let < ro < r\ < oo be such that <p is supported on [ro,ri] x K. Given 
s > 0, the set of t such that ip (|, kk^ 1 ) / for some k £ K satisfies t < s/ro, 
and therefore 



I tp(s,k ) | < \\<P\\oo- AT , 
II II aN 

- \M\°° Nr N- 
Fix an ellipsoid E centered at 0. We have 

/ ip{x)x E {x)m{dx) 
Jr n 



cat / s \ 1 



/ ip(sk e N )x E (ske N )s N x ds m K (dk ) 
Jr+xK 

/ ip(s,k )x E {sk e N )s N ~ 1 ds m K (dk ) 

JR+xK 
f X E ( sk e N) , 



IR+xK b JH 



kk Q ^ n(d(t, k))s N 1 ds mxidko) 



I \f Xzitui-'kMd^k)) 

Jr+xk Jh 



du 

(p(u,£) — mxidtj 
u 
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where in the last line we have substituted u = | and I = kk Q , ko = t 1 k. 
The expression in brackets has, by assumption, the value m (^) = -\m(E). 
By (9.10) we have 

/ ip(x)x E {x)m(dx) = m(E). 
Jr n 

Since ip £ C(R^\{0}) is bounded, the first part of the argument implies ip = 1. 
It follows that for any <p E C C (H) 

(9.13) I (pf-^ko 1 ) n(d(t,k)) = s N [ ^(u,£) U - N ~ 1 du m K (d£). 

Since (9.13) is also true when \x is replaced by the measure t N - l dtm K {dk), 
and since tp € C C (H) is arbitrary, it must be that fi(d(t, k)) = t N ~ l dtmK{dk). 
This implies v = m is Lebesgue measure, and Theorem 9.1 is proved. 

Theorem 9.1 has been stated for Lebesgue measure since that is the im- 
mediate application. A small modification of the two step proof establishes 

Theorem 9.4. Let ui, u 2 £ Mn be even, and assume v\{E) = ^(E) for 
every ellipsoid E with center 0. Then v\ = 

Proof. Let v = v\ — and first assume v has the form (9.4). One is 
led by the same argument to the relation (9.9) with ^TF~ replaced by 0. 

One then infers v = 0. In the general case lift v to n on H = R + x K as in 
the paragraph which contains (9.10), and given ip <G C C (H) define 4> by (9.11). 
tp determines ip by (9.12), and one finds ip is bounded and even with integral 
zero over every ellipsoid E centered at 0. Then ip = 0, whence ip = and, 
letting p vary, \i = 0. Details are left to the reader. 



10. Uniform distribution 



Theorem 9.1 and Corollary 9.2 have as an almost immediate consequence 
a sort of "Weyl criterion" for a notion of uniform distribution on H N . B = 
B(0, 1) is the unit ball in K N . 

Theorem 10.1. Let {v a \ a G A} be a net of even, locally finite Borel 
measures on H N . Assume there exist c < oo and a dense set F C G x R + 
such that 

(10.2) limvaitgB) = ct N ^ ((g,t)€F). 

a£A iv 

Then 

(10.3) lim f ^j(x)v a (dx) = c [ tp{x)m{dx) (ip G C C (R W )) 
where m(dx) is Lebesgue measure. 
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Proof. It is easy to see that the hypothesis on F is also true on F = 
G x R + . Then (10.3) is an immediate consequence of Corollary 9.2. □ 

We shall also apply Corollary 9.2 to nets with index set A = R + which 
depend upon a "parameter" v G M e N (Section 8). Let fi be a Siegel measure 
supported on M e N and for each v G M e N and R > define 

(10.4) v R = T R u 

where T R v{U) = R- N v(RU), as in Section 8. Theorem 7.1 and the G- 
invariance of fi imply 



lim 

R^oo 



lim 

R—*oo 



-\) R {B)-c{^ 



0. 



As Vft(tB) = t N u t R(B), we also have 



(10.5) 



lim 



g^MtB) - c(ji)t 



N Q~N 

N 



Let tp G C^R^) and e > be given. Corollary 9.2 implies there exist 
5 > and (gj,tj) G G x R + , 1 < j < r, such that whenever v is an even Borel 
measure such that \g~ l v(tjB) — c([i)tf^f-\ < S, 1 < j < r, then 



(10.6) 
From (10.5) we have 



It follows therefore that 



< e. 



0. 



lim ip(fR) 
R^oo 



c{n)ip{m) 



exists in /i-measure for every ip G C C (H N ). Since X±b{ u r) converges in L 1 (/i) 
as i? — > oo for every t > 0, it also follows that {"^{vr) \ R > 0} is uniformly 
integrable for every ip G C C (H N ). As a consequence we have 

Theorem 10.7. Let fi G V(M e N ) be a Siegel measure, and let vr, R > 0, 
v G M% be as in (10.4). For all ij> G C C (R N ) 



(10.8) 



lim 

R^oo 



iP(x)vr(cIx) — c(/u) / ip(x)m(dx 



0. 



Let \± G V{M e N ) be a Siegel measure, and let E 1 C R + be an unbounded 
set. Assume it is known to be true that for /i-&.e. v there is a dense set 
F(y) C G x R+ such that 

lim g'WitB) = c(p)t N ^ ((g,t) G F{v)). 

ReE 
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Theorem 10.1 implies that if m(dx) is Lebesgue measure, then for /x-a.e. v 

lim vr = c(fi)m 

R— >oo 

ReE 

in the C C (R N ) topology. Theorems 5.28, 10.7, the proof of Theorem 10.1 and 
a Borel-Cantelli argument imply 

Theorem 10.9. Let fi € V(M e N ) be a Siegel measure. There exists a 
sequence R n — > oo such that for //-a.e. v 



10.10) limfV fi „(B) = c(/i)-£ ( 5 £G) 



(10.11) lim VR n = c(fi)m. 

n— »oo 

Convergence in the second line is in the C C (H N ) topology. 



11. Quadratic differentials 

Fix p, n > 0, and let M p ^ n be a closed oriented surface {M p ) of genus p 
with n punctures (5„). H(p,n) denotes the group of orientation-preserving 
homeomorphisms of M Pi „ with identity component Ho(p,n). Set Map(p, n) = 
H(p,n)/H (p,n), the mapping class group. 

fl + (p, n) denotes the set of admissible positive F-structures on M Pi „. A 
positive F -structure is an atlas u on M PtU with three properties: (i) coordinate 
transitions are locally translations, (ii) u is compatible with orientation and 
(hi) u is maximal relative to (i) and (ii) . The euclidean metric lifts via u charts 
to a Riemannian flat metric g(u), and u is admissible if M p is the completion 
of M Ptn for the g(u) geodesic function, u determines a complex structure J(u) 
and nowhere zero holomorphic 1-form u(u) (= f*dz for u chart functions /); 
admissibility is equivalent to the requirement that J(u) extend to M p and uj{u) 
extend as a holomorphic 1-form. If u(u) has a zero of order v at s <G S n , g(u) 
has a cone singularity with cone angle 2tx(v + 1) at s. 

Define M + (p, n) = Q + (p,n)/ Ho(p,n). M. + (p,n) carries a complete met- 
ric with respect to which Map(p, n) acts properly discontinuously by isometries 
(cf. [22, Section 1]). 

The map u — > u(u) £ Hq(M p , S n ) is a local homeomorphism which en- 
dows Ai + (p, n) with the structure of a complex manifold ([22, Remark 7.22]). 
In local coordinates Map(p, n) is represented by GL(2p — 1 + n, Z) acting lin- 
early on H^,(M p ,S n ) = C 2p_1+n . Therefore, Map(p, n) preserves not only 
the complex structure on M. + (p, n) but also the lift to M + (p, n) of the eu- 
clidean volume form on Hq(M p , S n ), made canonical by the requirement that 
the lattice H^{M pj S n ) have covolume one ([22, Theorem 7.17]). 
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Let G = SL(2,R). If g G G and u G f2 + (p, n), then gu is denned by 
postcomposition of u chart functions with the R-linear transformation g. One 
finds gu G Q + (p, n) and that co(gu) has the same zero structure on S n as to(u). 
In terms of the common underlying real analytic structure on M Pjn we have 

(11.1) uj(gu) = auj(u) + (3 to(u) 

when g G G is represented by G SU(1, 1). 

We find therefore that 

(11.2) u{gu) = aoj{u) +P uj(u). 

The G action on £l + (p, n) commutes with the action of Ho(p,n) and therefore 
descends to Ai + (p, n) where it is, by (11.2), real analytic. Since detg = 1 
implies (11.2) is euclidean volume preserving G preserves volume on M + (p, n). 
If m = [u] G M + (p, n), define V(m) = | J m ^uj(u) A u{u). V(-) is real 

analytic without critical points, and therefore A4f(p, n) = V~ l l is a real 
analytic real codimension one submanifold. V(-) is G-invariant, and therefore 
dV and the canonical volume element on A4 + (p, n) determine a canonical G- 
invariant volume element on Aif(p, n). This volume element satisfies 

(11.3) Vol(M+(p,n)/Map(j9,n)) < oo. 

(See [12], [21], [22], [15].) 

In what follows M denotes a fixed connected component of M.f(p, n)/ 
Map(p, n). A denotes the G-invariant probability measure obtained, using 
(11.3), by normalizing the natural image measure on A4. We recall that 
(M, G, A) is ergodic ([12], [21], [26]). 

Remark 11.4. Let (Ai,G) be as above. We recall that if m G Ai and 
T(m) = {g G G \ gm = m}, then T(m) is a discrete subgroup. For a dense set of 
m T(m) is a lattice. (For example, r(m) is a lattice if co(u) (m = [u] Map(p, n)) 
is projectively a rational class. [23]) For such m the normalized Haar measure 
on G/T(m) determines an ergodic invariant probability measure on the orbit 
Gm C M. Another measure of interest arises when there exists r G H(p,n) 
such that t 2 = Id and Fix r C S n . Define Mf(p, n) to be the set of [u] such 
that for some ip G Ho(p,n) and r v = (prip^ 1 , t*uj(u) = —lo(u). A4f(p,n) is a 
closed set and complex submanifold which also carries a natural G-invariant 
volume. Proceeding by analogy with the discussion above, one finds that 
M\{p, n) n Aif(p, n) also carries a G-invariant volume and the projection 
in M-i(p, n)/Map(p, n) has finite total volume. (The projection depend only 
upon [r] G Map(p, n), of course.) 

If M-m is a component of (A4f(p, n) n M+(p,n)} /Map(p, n) then Alr r ] 
carries a natural normalized G-invariant ergodic measure ([26, Theorem 6.14]). 
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Of course, M[ T ] Q M for some component A4 C Mf (p, n) / M&p(p, n) . Exam- 
ples such as M.[ T ] arise from lifting via 2-sheeted branched coverings quadratic 
differentials in genus p' > to holomorphic 1-forms which are odd relative to 
the (branched-) covering transformation. 

12. Siegel measures and quadratic differentials 

Let S(p, n) be the set of free homotopy classes of simple closed curves in 
M P:n . If m = [u] E M + (p, n), we define S(m) to be the set of 7 E S(p, n) 
such that 7 has a closed g(u)-geodesic representative for any u E m. When 
7 E <S(m), there is a number a(m, 7) > which is for any u E m the area of the 
cylinder of closed g(u) geodesies which represent 7. There is also a symmetric 
pair of vectors ±v(m, 7) giving the length and possible directions, determined 
by any atlas u E m, of closed geodesies which represent 7. It is an elementary 
consequence of the definition of the metric on A4 + (p, n) ([22, Section 1]) that 
for any 7 E S(p, n) and s > the set 

(12.1) U(j, s) = {me M + (p, n) \ 7 G <S(m), a(m, 7) > s} 

is open and the pair ±v(m, 7) varies continuously on U(j,s). In particular, if 
V> > is a Borel function on R 2 , the function 

(12.2) T s iP(m)= X%.)H^(±«K7)) 

7G5(p,n) 

is Borel. (The ± indicates two summands for each 7 E n).) 

A starting point for the present work has been the theorem of Masur which 
is cited in the introduction. If we define N(m, s, R) to be the growth function 
of 

(12.3) II(m, s) = {±v(m, 7) | 7 E S(m), m E U{-f, a)} 
then 

(12.4) N(m,0,R) = 0(R 2 ) (R^oo). 

Masur also establishes a lower quadratic bound which is not necessary for the 
present discussion. If V(m) = 1, and if < s < V(m), then as is implicit in 
[13] there is a uniform constant C(s,p,n) < 00 such that 

(12.5) N(m,s,R) < C{s,p,n){R 2 + 1) {V{m) = 1, R > 0). 

This implies that if ip > is bounded, Borel with compact support, then T s ip 
((12.2)) is uniformly bounded on Mi(p, n). 

Now let us suppose given an ergodic G-invariant Borel probability measure 
77 on A4f(p, n)/Map(p, n). Let < s < 1, and let v m ^ s be counting measure 
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on the set Tl(m,s) in (12.3). From the definition of G action in Section 11 it 
follows for any m, s that 

(12.6) gU(m,s)=U{gm,s) (g G G). 
If we couple this with (12.4)-(12.5), we find 

(12.7) v m , 8 € M 2 

The discussion of (12.2) implies the map 

(12.8) &(m) = Vms 
is Borel; therefore the measures 

(12.9) r) s =Z sV (0<s< 1) 

are Borel measures on M.2- Since n is G-invariant and ergodic, (12.7) implies 
r] s is G-invariant and ergodic. We have 

Theorem 12.10. Let rj be a G-invariant ergodic probability measure on 
Mf(p,n)/Map(p,n). For all s such that < s < 1 the measure i] s = £ s r}, 
defined by (12.8)-(12.9) is a Siegel measure. 

Our main result concerning quadratic differentials, Theorem 12.11 below, 
is now a corollary of Theorems 12.10, 6.5, 7.1 and 10.6: 

Theorem 12.11. Let rj be an ergodic G-invariant Borel probability mea- 
sure on M^(p,n)/M&p(p,n). There exist constants c(r/,s) < oo, < s < 1, 
such that the following statements obtain: 

I- If i> > is Borel on R 2 , and if T s ip, < s < 1, is defined by (12.2), 

then 

(12.12) J T s ip(m)r/(dm) = c(r],s) J tp(x)dx. 

M^(p,n)/Ma-p(p,n) R 2 

II. // < s < 1, and if N(m,s,R) is defined as the growth function of 
n(m, s) in (12.3), then 

moi^ r N(m,s,R) 

(12.13) hm — = c(?7,s)7r 

in L 1 (A4^(p, n)j Map(p, n), rf) . 

III. If0<s<l,ifi/>€ C C (R 2 ) and if tp R {v) = then 
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(12.14) lim -j-,(T s ip R )(m) = c(ri,s) [ rh{x)dx 

R-^oo K z J 

R2 

in L 1 (M.f(p, n)/Map(p, n), 77) . 

Remark 12.15. While the focus in this paper has been on periodic tra- 
jectories, entirely analogous results follow by the same techniques for sets in 
the plane which represent simple geodesies joining cone points (i.e. zeros) for 
the metrics \u\ 2 , uj a holomorphic 1-form. The requisite quadratic (upper) 
estimate is also due to Masur ([13]). 



13. Properties of c{t], s) 

Notations are as in Section 12. If tp > on R 2 , the monotone convergence 
theorem, applied in (12.2) to counting measure on S(p, n), implies the function 
s — ► T s ip(m) is for each m continuous from the right on [0, 1). If tp is assumed 
to be Borel with finite positive integral over R 2 , (12.12) and the monotone 
convergence theorem imply c(rj, •) is also continuous from the right on [0, 1). 

It is not true in general that c(ry, •) G C([0, 1)). When rj is concentrated on 
an orbit (see the first part of Remark 11.4), the range of a(m, 7) is a finite set 
([23]) and c(ry, •) is a step function which is, in general, not constant. However, 
the fact that Tqi^ G L 1 ^), ip as above, and the dominated convergence theorem 
imply that if s — > T s ip(m) is for each so G (0, 1) and a.e. [m] left continuous at 
s , then c{r], •) G C([0, 1)): 

PROPOSITION 13.1. Let n G V (Mf (p, n)/Map(p, n)) be invariant and 
ergodic. If sq G (0, 1) is such that 

r\ {[m] I a(m, 7) = sq for some 7 G 5(m)} = 

i/ien c(rj, •) is continuous at sq. 

In what follows .M denotes a fixed topological component of Mf(p,n)/ 
Map(p, n) and A the G-invariant probability measure obtained, using (11.3), 
from normalizing the natural image measure on M.. We recall that (Ai, G, A) 
is ergodic ([12], [21], [26]). 

The discussion which follows is local. Therefore we fix M and [mo] G 
M. and work with tjiq and a fixed 7 G S(mo) such that o(mo,7) = so- By 
definition V(mo) = 1. Let U(mo) be an open set in A^^"(p, n) containing mo 
and with the properties (i) 7 G S(m), m G U(mo) and (ii) u)(-) is schlicht on 
U(mo). The functions V(-) and a(-,7) are quadratic forms in the coordinate 
(ii). In particular, if V(m) = 1 implies a(m,7) = so in this coordinate, then 
a(-,7) — so^(-) is identically zero on [/(mo). We shall observe this implies 
sq = 1 and 2p — 1 + n = 2, i.e., p = 1 = n. 
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With notations as above we consider separately the cases so = 1 and 
so < 1. 

Case 1. so = 1. Let C(mo,7) be the cylinder which corresponds to 7. 
Since a(mo,7) = 1 = V(mo), there is a parallelogram P of area one and a 
gluing-by-translation rule on dP such that P j ~ equipped with its natural 
1-form ('cfe') realizes mo- The gluing rule is pure translation between one pair 
of parallel edges and piecewise translation between another pair of edges. If 
the latter gluing is not pure translation, that is, if 2p — 1 + n > 2, it is clear 
by inspection that a(m, 7) ^ 1 on U(mo) n {||m|| = 1}. If p = 1 = n, then M. 
is an orbit. 

Case 2. < so < 1. Geodesic triangulations of C(mo,7) and M P)Tl \ 
C(mo, 7) can be used to define two nonempty sets of geodesies, A and B, joining 
points of S n , such that AflB = 0, AU B span Hi(M p , S n ) and the areas of 
M Ptn \C(mo, 7) and C(mo,7) are quadratic forms Qo(u)(-)) and Qi (a>(-)), with 
Qo depending upon w(m) |^ and Q\ depending upon u)(m) \ AuB - It is possible 
to vary m'mU (mo) in such a way that cj(-) L remains constant while Qi(d>(-)) 
does not. We have by assumption a(-,7) = soV(-) on [/(mo), and therefore 

(13.2) Qi(w(m)) = s (Qo(w(m)) + Qi(w(m)) . 

Varying m as above we find that so = 1, Qo = 0, a contradiction. 

Theorem 13.3. Let 2p — 1 + n > 2, and let M be a component of 

A4^(p, n)/ Map(p, n) equipped with its invariant normalized volume A. Then 

c(A, •) G C([0, 1)). Moreover, c(A, •) is strictly decreasing on [0,1) and 
c(A,l~) = 0. 



Proof. Case 1 above implies that when 2p — 1 + n > 2, then for A-a.e. 
[m] € M the function s — > T s ip(m) vanishes as s — > 1 as soon as there exists 
s such that T s ip(m) < oo. Assuming ?/> > is integrable over R 2 , this latter 
requirement is satisfied for A-a.e. [m\. Therefore c(A, 1~) = 0. To prove that 
c(A, •) is strictly decreasing it is sufficient to prove there exists [m s ] £ M, 
< s < 1, and 7 G S(m s ) such that a(m s ,7) = s. To this end fix any 
m € A4^(p, n) such that [m] projects to a point of the given component A4. 
Choose any cylinder of closed geodesies for m, and observe that this cylinder 
may be elongated or shortened so as to occupy as large or small a relative 
portion of the total volume of (the altered) m. Normalizing the altered m 
produces m s for any s E (0, 1). □ 



Question 13 .4. If 2p — 1 + n > 2, and if (A4, A) are as in the theorem, is 

c(A,s) < 
^0) 



there a simple formula for 6(A, s~l = C - A ' s ? ? 
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14. Pointwise statements 

Let G = SL(N, R), K = SO(iV), and let be as in Section 5. it denotes 
a continuous unitary representation of G on a Hilbert space H such that (a) 
7r admits a cyclic vector -u, ||n|| = 1, which is fixed by K and (b) ir admits no 
nonzero invariant vectors. In addition we assume (c) if N = 2, then tt does 
not almost have invariant vectors; that is, there exist e > and a compact set 
C QG such that 

(14.1) Max \\tt(c)v - v\\ > e\\v\\ (v G H). 

If g G G, express g as g = k\(g)a + (5)^2(3) with fcj(<?) E K, j = 1, 2, and 
a + (<?) G -A^y. Define cr(g i ) to be the minimum of the ratios between diagonal 
entries of a + (g) = diag(a 1 (g), . . . ,a N (g), i.e., a{g) = a N (g)/a 1 (g). The as- 
sumption (a)-(c) above together with estimates in [9, Chapter V], imply there 
exists 77 > such that if cr(g) is sufficiently small, then 

(14.2) I (ir(g)u,u) \ < a(gf (g G G) 

where (■, •) is the inner product on H. 

We specialize g in what follows. We define 

a(t) = diag (e^" 1 )*, e^" 3 )*, . . . , e^^') G A+ , t > 0. 

We have 

(14.3) \\Q W oir(a(t))u\\ 2 = / <vr(a(t) _1 /ca(t))n, u) m K {dk). 

Jk 

To estimate the size of the integrand in (14.3) in terms of (14.2) it is necessary 
to estimate the first and last diagonal entries of a + (aT 1 (t)ka{t)) , k G K. The 
first diagonal entry, denoted af, satisfies 

N l ' 2 a+ > Ha-^fcaWllHS 

where || • ||hs is Hilbert-Schmidt norm. If S(k) = Ef=i(l " tfj), the Hilbert- 
Schmidt norm satisfies 

Wa-Wka^Wus > Max((iV-S(£;)) 1/2 ,/?e 2 'S(fc) 1/2 ) 

where (3 > is a dimensional constant. Since S(k) = S(k~ 1 ), the last diagonal 
entry, a^, of a -1 (t)ka(t) satisfies 

W 1/2 (l/a+) > ||a- 1 (t)fc- 1 a(t)|| H s > Max ((iV - S^k)) 1 / 2 , (3e 2t S{kf/ 2 ^ 
and therefore 

a{a-\t)ka(t)) < Min (j^jTy 
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Let 7(i) > 0, to be determined later. The open set {A; | S(k) < j(t)} has Haar 
measure commensurable with 7 (t)( 2 ) since dimK = ^ ^ ^ • Let r\ be as in 
(14.2), and choose j(t) to satisfy 



7 

or 



(t)(?) 



/3 2 7 (t)e 4 * 



T (i) = (/5f 2 e 4£ ) 



Now divide the integral (14.3) into two integrals according to whether 
S(k) < 7(t) or S(k) > 7(i). The integral is, by the choice of j(t), bounded by 



(14.4) \\Qn°Aa(t))u\\ 2 <Ce- 2 ^ 

2f] 



We now suppose [i is a Siegel measure on Mn, N > 1. It is necessary to 
assume 

(14.5) Xb£L 2 ( P ) (B = B(0,1)). 
Define «(■) e L 2 (fi) by 

(14.6) «(i/) = x fl (i')-cOx)^. 

Theorem 6.5 implies u has integral zero. Since ji is by assumption ergodic, 
the cyclic subspace H{u) C L 2 (/u) generated by the G-orbit of u contains no 
invariant vector. If N = 2 we assume 

Assumption 14.7. If iV = 2, then i?(u) does not almost have invariant 
vectors. 

Of course, Assumption 14.7 is the same as (c) in the first paragraph of 
this section applied to the Siegel measure setting. 

With notations as above we apply (14.4) to obtain 

/ U (x B (a(t)ku)-c(^)m K (dk)\ ^(dv) = 0(e' 2 ^). 
M N \K J 
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Fix 5 > l/£, and define t n = <51og(n + 1), n > 0. Since e ftn = l/(n + 1) 5<5 is 
summable, the Borel-Cantelli lemma implies 

(14.8) lim x B (a(t n )kv)m K (dk) = c(fi)^- (/x - a.e. v). 

n— »oo j iV 

bmce a at 

(tn)/ojv-i(*n) = e" 2 *" -> 0, (14.8) and (5.13) imply 

(14.9) 

h_m J - ^——(1 - r ) 2 j dr = c^)— („ - a.e. „). 

Lemma 14.10. Let X be a Borel measure on R + , and let ip > on R + fee 
snc/i t/iat /or some a G R i/te function (p(t)t a is monotone nondecreasing. If 
T n y oo in such a way that T n /T n+ i — > 1, and if lim ip(T n ) = i exists, where 

n— >oo 

V-(T) = / R+ <p(Tt)\(<It), i/ien lim ip(T) = I. 

Proof. For each T 3> define n by T n < T < T Tt+ i. The assumption on 
(p implies vp{t)t a is monotone nondecreasing, and therefore 

Ti \ a / rp \ a 



^(T n ) < V(T) < ^(T n+1 ). 
Since T n /T„ +1 — > 1 by assumption, lim ip(T) = lim ip(T n ) as claimed. □ 

Collecting results the Wiener Tauberian theorem and Lemma 5.19 imply 

Theorem 14.11. Let fi be a Siegel measure, and assume of \i that \ B G 
L 2 (/x). If N > 2, or if N = 2 and Assumption 14.7 is irae, i/ien for [i-almost 
all v 

(14.12) lim ^P = c(M )^. 
Moreover, for fi-almost all v if ip G C^R^) 

(14.13) i^^v / ^ (|) f (dx) = c(m) / ^(y)%- 

R~ 

Remark 14.14. Let A be the normalized G- invariant volume element on 
a component A4 of M^(p, n)/Map(p, n). Let Hq be the orthocomplement of 
the constants in L 2 {\). Should it be the case that the representation {G,Hq) 
does not almost have invariant vectors, then Theorem 14.11 applies to Parts II 
and III of Theorem 12.11, at least for < s < 1. The reason is that if fj, s 
is the Siegel measure 011M2 determined by A, then x B £ L°°(fj, s ) Q L 2 (n s ), 
< s < 1. In view of the fact that c(A, •) G C([0, 1)) by Theorem 13.3, it is 
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possible that a pointwise a.e. result valid for s > would imply a similar result 
for s = 0. In this regard we raise the 

Question 14.15. Let m G Mf(p, n) and e > 0. Does there exist s = 
s(m,e) > such that 

(14.16) N(m,0,R) - N(m,s,R) < eR 2 

for large Rl 

15. Regular points 

Let J\4 be a component of M.\ (p, n)j Map(p, n). If £ G A4, define /i£ G 
P(X)by 

(15.1) / ^(y)^(dy) = I 4>(k0m K (dk). 

JM JK 

The analysis in [10] may be seen to imply the orbit G/i£ is relatively compact 

in V{M) with the C C (M) topology. 

Definition 15.2. £ £ M shall be called a regular point if 
(15.3) Im^g^ = rj£ 

exists in the C C {M) topology. 

Example 15.4. Let £ G M be such that the isotropy group T(£) = 
{<7 G G | g£ = £} is a lattice in G. If m G / r is normalized Haar measure 
on G/T, and if n G / T G V(G£) C 'P(.M) is the image of m G/ / r under the map 
<?r — > then by Theorem 1.2 of [3] £ is regular and = r/gyr- 

If £ G .M is regular, then 77^ is G-invariant and, as noted above, rfe. G 
V(M). rj£ is not a priori ergodic, but consideration of (a) the ergodic decom- 
position of r]£, (b) the fact T s ip is bounded for each s G (0, 1) and if) G C C (R 2 ) 
and (c) Theorem 6.5 implies 

Proposition 15.5. Let £ G M be regular. For every s G (0, 1) there 
exists c(£, s) < 00 such that 

(15.6) ( T s ^(y) m {dy)=c{^s) ! ^{u)du (-0 G C C (R 2 ), < s < 1). 

JR 2 

If £ G M is a regular point, then because mass is preserved in the limit 
(15.3), this limit exists in a stronger sense. More precisely, let Cb(M,£) be the 
space of bounded Borel functions on M which are continuous n^-a.e. We have 

Lemma 15.7. If £ £ M. is regular, the limit (15.3) exists also in the 
C b (M,£) topology. 
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Proof. Fix / G C&(.M,£) and e > 0. Let Q be a compact set in M. such 
that (a) r]£(M\Q) < e and (b) each g G Q is a point of continuity of /. Let F 
be a Tietze extension of / \ Q such that F G C C (M) (||-F||oo < ll/lloo)- For each 
g £ Q let ?7(g, e) be a relatively compact open neighborhood of q such that 
\F(q')-F(q)\ + |/(g') - /(g) | < e, g' G f/(g,e). Choose a finite set gi,...,g„ 
such that Q C [7(e) = (J"=i ^(ty, e )- B Y construction \F(q') - f(q')\ < 2e, 
g' G f/(e). Since mass is preserved in (15.3), there exists a compact set L C G 
such that gn^(M\U(e)) < 2e, g ^ L. Use (•, •) to denote pairing of functions 
and measures. We have for g £ L 

| if, 9^) ~ (f,Vt) | 

<| (/ - F,g H ) | + | (F,^) - (F,r,t) | + | (F,tj ( ) - </,^> | 
< (1 + 2 • 211/1100)6+ I (F, g H ) - (F, r)s) I +(1 + 211/1100)6. 

Since the second summand on the right converges to as g — > 00, and since 
e > is arbitrary, it follows that lim 9 ^oo (/,<?/"§) = (f, 7 !^! f £ C&(.M,£), as 
claimed. □ 

If V G C C (R 2 ), and if < s < 1, then T s ip is a bounded Borel function 
on M. T s ip is continuous at any y which has no maximal cylinder of closed 
geodesies of area s. It follows that if £ is regular, and if s is not a point of 
discontinuity of c(£, •), then T s ip G Cb(jV4,£). 

In what follows if £ G .M is a regular point, A(£) will denote the set of 
discontinuities of c(£, •) in (0, 1). We have 

LEMMA 15.8. If £ G M. is a regular point, then 

(15.9) lim I T s ^{gy) H {dy) 

9^°° J M 

= c(£, s) I ^{u)du G C C (R 2 ), a G (0, 1)\A(0) • 

Let 5 = 5(0,1) C R 2 . It is an elementary consequence of (15.9) that the 
same relation (15.9) also holds for the function ip = \B- Apply Theorems 5.19 
and 10.1 to conclude 

Theorem 15.10. Let £ G M. be a regular point. With all notations as 
above we have 

(15.11) lim N ^^ R ) = c( £ s)7r ( 9 eG, se (0, l)\A(0) • 
Moreover, if ip G C C (R 2 ), and if we set Y\r(u) = tp (^), then 

(15.12) lim -^T S ^ R (0 = c(£,a) [ ^j(u)du (s G (0, 1)\A(£)) . 
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Theorems 0.3 and 0.18 of the introduction are both consequences of Theo- 
rem 15.10 as it applies in Example 15.4. It is only necessary to recall from [23] 
that if £ € M is such that is a lattice, then there is a finite set E(£) C (0, 1) 
such that every maximal cylinder for £ has area s for some s € E(£). This 
implies c(£, s) = c(£, + ), for s small, and therefore (15.11)— (15.12) obtain also 
for s = and c(f , 0) = f c(£, 0+). 



16. Nonuniform lattices in G = SL(2, R) 

The approach of Section 15 will be used in this section for two purposes. 
The first is to establish an analog of the combined Theorems 0.3 and 0.18 for 
an arbitrary nonuniform lattice: 

Theorem 16.1. Let T be a nonuniform lattice in G = SL(2, R), and 
assume —I £ T. Let A be a maximal unipotent subgroup of T, and let v £ 
R 2 \{0} be such that Av = v. There exists a positive, finite constant c(T,v) 
such that 

C&rd(gTvnB(0,R)) _ . . 

(16.2) ^lim {g R2 { >' =c(T,v)7r (g€G). 

Moreover, 

(16.3) jim ± * (|) = c ( r ' v ) I 2 ^ du W G ^( R2 ))- 

The proof of Theorem 16.1 will be modelled on the proof of Theorem 15.10. 
Given the Weyl criterion, Theorem 10.1, the critical issue in Theorem 16.1 is 
the relation (16.2). As with (0.4) one may prove (16.2) using the theory of 
Eisenstein series (for (r,A)) and the Ikehara tauberian theorem, as in [23]. 
The latter approach also yields an explicit expression for c(F, v). Therefore, 
a second purpose of this section will be to observe that c(T, v) may be com- 
puted without the theory of Eisenstein series. In particular, the proof of the 
following theorem (see [7, p. 224]) will not require knowledge of meromorphic 
continuation of Eisenstein series (H = {z j Imz > 0}): 

Theorem 16.4. Let T C G = SL(2,R) be a lattice such that -L eT . 
Assume Aq = |^q ^ j | n G zj is a maximal unipotent subgroup ofTo. 



The Eisenstein series 

' 2 



(16.5) E(z,s) = - Yj ( Im 7~^) S (zeH,Res>l) 

7Gr /Ao 
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is convergent for Res > 1. Moreover, ifU(a), < a < oo, is i/ie se£ 



17(a) = {s | Res > 1, ii— 1L < a } } 



then for all a 



(16.6) lim (s - l)E(z,s) = I T \H I 

s-»l 

sec/((j) 

where \ ■ \ denotes Poincare volume. 

To relate Theorems 16.1 and 16.4 let T, A and w be as in the statement 
of Theorem 16.1. Choose go G G so that g^Ago = ^ = {^q 1 ) I n e ^} ' 

and define To = g^r^o- Let t>o = ^ • Then replace go by —go, if necessary, 
and reletter so that govo = tv for some t > 0. Clearly, 

(16.7) Card(cTY> n 5(0, = Card(gg r t>o n B(0, tR)). 
Therefore, c(T,v) = t 2 c(To,vo), or since |ro\H| = |r\7Y | , 

(16.8) c(r,v) =t 2 \r\n\~ 1 . 

In order to adapt the present discussion to the requirements of Section 15 
we require a lemma below. Note the identity 

(16.9) (Im g-Hy = \\gvo\\- 2s (g G G, s G C). 

Lemma 16.10. Let T, A and v be as in the statement of Theorem 16.1. 
There exists r = t(T, v) < oo such that 

(16.11) C&rd(gTvnB(0,R)) < t(R 2 + 1) (i? > 0, g G G). 

Proof. In view of (16.7) it is no loss of generality to suppose V = To, 
A = Ao and v = vq (above). If H(R) = {z G U | Imz > then (16.9) 

implies g^vo G B(0,R) if, and only if, 7~ 1 g~ 1 i G Ti(R). Since Ao^o = an d 
AqH(R) = H(R), (16.11) is equivalent to a bound 

(16.12) Card (A \ (r g _1 i n W(-R))) < r(i? 2 + 1) (R > 0, 5 G G). 

Let P be a pairwise disjoint collection of open horodiscs such that: (a) 
ToT> = T> and (b) if \D\ = [j DeT ,D, then ro\(H\|X>|) is compact. Observe 
that if D G V and 7 G T are such that (7D) n D / 0, then 7D = D. We shall 
divide (16.12) into two parts, one for g~ l i G \V\ and one for g~ l i G H\\T>\. 

Since Ao\H(R) has volume i? 2 relative to the Poincare volume § fn^zp ' 
and since ro\(7Y\|D|) is compact, there exists t\ < 00 such that (16.12) is true 
with n in place of r and g~ 1 i \V\ in place of g G G. 
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Let H.o,i(R) = {z £ H(R) | < Rez < 1}. Elementary euclidean geom- 
etry plus the fact the elements of V are pairwise disjoint imply there exists 
r 2 < oo such that Card{£> G V \ DnH ,i(R) + 0} < t 2 {R 2 + 1), R>0. (Since 
D n TCo,i(R) 7^ for all i? > 0, it is necessary to use i? 2 + 1 instead of R 2 .) 
Now (16.12) is also true with r 2 in place of r and € |P| in place of g € G. 
Set r = Max(ri,T2), and (16.12) follows. The lemma is proved. □ 

Proof of Theorem 16.1. Let GCdTl 2 ), and define tjj(gT) = X^«gri> " l P(.9 w )- 
Lemma 16.10 implies ip is uniformly bounded on G/T. Since ip is also contin- 
uous on G/T, the Eskin-McMullen theorem and Theorems 5.19 and 10.1 may 
be applied as in Section 15 to establish the existence of c(T,v). The theorem 
is proved. □ 

In the notation of Theorem 16.4 define N(g, R) = Card (gT v n B(0, R)). 
Setting aside the issue of convergence, the Eisenstein series (16.5) may be 
represented for any z = g~ 1 i and s, Res > 1 by 

(16.13) E{z,s)= l - Y, ^7-^)' 

7er /Ao 

1 V - ^ ii ii— 2s 

= 2 Z> \\9lM\ 
76r /A 



_ 1 f 00 
" 2i 



dN(g,R) 



R 2s ' 

Define R (g) > so that gT v n B(0,2R (g)) = 0. Treat (16.13) as an 
improper Stieltjes integral over (Ro(g),oo) and integrate by parts to find 

(16.14) (s - l)E(z, s) = s(s - 1) r N ^^ R 1 - 2s dR. 

J Ma) R 

The calculation is justified for Res > 1 by Lemma 16.10. Convergence of 
(16.5) for Res > 1 is now established. 

Lemma 16.15. Let U{a), < a < oo be as in the statement of Theo- 
rem 16.4. We have for all z € H and < a < oo 

(16.16) lim (s -!)£(,, s) = gggjJg)?[ . 
s->i 2 

sG(7(<t) 

Proof. Theorem 16.1 implies N(g,R) = (c(Tq, vo)ir + 5(g, R)) R 2 , where 
lim^oo 5(g, R) = 0. Substitute in (16.14) to obtain that (16.16) holds pro- 
vided 

/•oo 

(16.17) lim s(s-l) / 5(g,R)R 1 - 2s dR = 0. 

sGU(cr) 



942 WILLIAM A. VEECH 

Since {R 1 ' 28 ] = R 1 ' 2 ^ 8 , and since | |< a, s G U(a), (16.17) follows 

from liniR^oo 5 (g, R) = 0. 

Let H ,i = H ,i(oo) = {z G H | < Rez < 1}. Since K ,i = A \H, 
7^0, l contains a geodesically convex fundamental domain 0, for To- We may 
suppose there exists vq such that Dq n 7Yo,i ^ ^ where .Do is a horodisc 
A) = {-^ € | Imz > Tq}. There exists a function < y(x) < r 2 , on [0, 1) such 
that 

(16.18) n = {z = x + iy\0<x<l, y> y(x)}. 
Let Tq = r \A . We have for all (z, s) that 

(16.19) E(z,s) - (Imz) 8 = - ^ (Imj^z) 3 (z£H,Res>l). 

7er*/A 

We shall be interested in (16.19) for z E CI. In this case we claim the series 
on the right has no term such that 7~ 1 z G D . Indeed, f2 is a fundamental 
domain which contains Dq n Ho,i meaning 7$7 n Dq = 0, 7 G Tq/Aq. 

Let N*(g,R) be the counting function for Tq^o- We have for z = g~ x i 

(16.20) 

1 dN*(g,R) 



1 /" 

£(z,s)-(Imz) s = lim - / 
ill— >oo 2 7i 



1/r-o 



lim ., i , , , 

Jli-«x> 2i?? s 7 1/ro i? 2s+1 

For any fixed s, Res > 1, Lemma 16.10 implies this convergence is uniform on 
Q. For fixed Ri the first integral in (16.20) may be expressed as 

(16.21) I Rl (z,s) = \ £ (Im(7- 1 z)) s Xw(Rl) ( 7 - 1 z) (z G Q, Res > 1). 

Ter^/Ao 

Using G-invariance of the volume element § (i^z) 2 we ^ ave f rom (16.21) 
/" , i dz Adz 1 v ^ /* i dz Adz 

Since lim^^oo Ir^z, s) = E(z, s) — (Imz) 8 boundedly, we have for Res > 1 
(16.22) 

/ (^,s)-(Im,n^^A|= f (lmzy- 2i -dzAdz 

- 1 yixy- 1 



JO s ~ 1 



Finally, we observe that 
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Lemma 16.23. Let < a < oo, and let U(a, 1) = {s | Res > 1, p^s-i 
< a and |s — 1 < 1}. The product (s — l)(E(z,s) — (Imz) s ) is uniformly 
bounded on Q x U(a, 1). 

Proof. From (16.20) (after i?i — > oo) and Lemma 16.10 we have 
|( S -l)(E( 2 ,<.)-(Im 3 f)l < Hs-l)\rJ~ ^g^dR 

_oCI'(-')IV. ow , 

V Re s - 1 / w 
The lemma follows. □ 

Proof o/ Theorem 16.4. Fix < <r < oo. Lemma 16.15 implies that for 
each z £H 

lim ( S -l)(^,s)-(Imz) s ) = C(r ° , ' ;0)7r . 
s-»i 2 

s6E/(«7,l) 

Lemma 16.23, the bounded convergence theorem and (16.22) imply 
c(T ,v )ir 



-\n\ = lim f y(x) s - l dx 

s->l JO 
se(7(a,l) 

= 1. 



Therefore, c ^ r °' t ' ^ 7r = |0| 1 and Theorem 16.4 is proved. □ 
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